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Abstract

Theories of decision making are often formulated in terms of deterministic axioms, which do not account for stochastic variation

that attends empirical data. This study presents a Bayesian inference framework for dealing with fallible data. The Bayesian

framework provides readily applicable statistical procedures addressing typical inference questions that arise when algebraic axioms

are tested against empirical data. The key idea of the Bayesian framework is to employ a prior distribution representing the

parametric order constraints implied by a given axiom. Modern methods of Bayesian computation such as Markov chain Monte

Carlo are used to estimate the posterior distribution, which provides the information that allows an axiom to be evaluated.

Specifically, we adopt the Bayesian p-value as the criterion to assess the descriptive adequacy of a given model (axiom) and we use

the deviance information criterion (DIC) to select among a set of candidate models. We illustrate the Bayesian framework by testing

well-known axioms of decision making, including the axioms of monotonicity of joint receipt and stochastic transitivity.

r 2005 Elsevier Inc. All rights reserved.
1. Introduction

Axiomatic measurement theory plays a major role in
formulating theories of decision making (Roberts, 1979;
Luce & Narens, 1994). Axiomatic theories aim to
characterize, in qualitative terms, the fundamental
principles of human decision making, and to establish
necessary and sufficient conditions for the existence of
numerical representations. The axiomatic approach
yields powerful and practical implications for theory
development and testing (Narens & Luce, 1993). In
particular, an axiomatic formulation encourages fo-
cused and detailed empirical testing, which helps to
illuminate the properties of a theory or to suggest how
the theory might be modified to better accord with
behavior. As an example, consider expected utility
theory which is couched in terms of a preference order
on gambles. Specifically, for a pair of gambles, a; b;
gamble a is chosen over b iff the expected utility of a
e front matter r 2005 Elsevier Inc. All rights reserved.
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exceeds that of b. In symbols,

akb ()
X

j

pjðaÞujðaÞX
X

j

pjðbÞujðbÞ. (1)

Here the symbol k denotes ‘‘preferred or indifferent
to’’, ujðxÞ is the real-valued utility of outcome j of
gamble x, and pjðxÞ is the probability that outcome j

occurs.
The utility ujð�Þ is of course a theoretical, indirectly

observable quantity. Axioms with empirical content are
needed to guarantee the existence of a utility function
satisfying relation (1). Such a system of axioms is
provided by the classical theory of Von Neumann and
Morgenstern (1947). A key necessary axiom is transi-
tivity which states akb; bkc¼)akc: This axiom is
deterministic in that it pays no mind to the variability
inherent in actual preference behavior (cf., e.g., Fal-
magne, 1976). To capture the stochastic nature of
individual choices, Block and Marschak (1960) pro-
posed weak stochastic transitivity (WST) that translates
the idealized, algebraic form of transitivity into a
realistic, probabilistic form. WST states that for any
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triplet of choice objects a, b, and c (e.g., gambles), the
following numerical implication must hold:

PðakbÞX0:5 and PðbkcÞX0:5¼)PðakcÞX0:5,

(2)

where PðakbÞ refers to the probability of a being
preferred or indifferent to b. Despite this translation of
qualitative axioms into parametric order constraints,
difficulties remain. These difficulties stem from the fact
that data provide not the choice probabilities them-
selves, but merely estimates of those probabilities. For
example, suppose that we have obtained the following
data proportions, each based on 50 independent trials:
P̂ðakbÞ ¼ 0:72; P̂ðbkcÞ ¼ 0:60 and P̂ðakcÞ ¼ 0:44: On
their face, these data violate WST. However, from a
statistical perspective, various questions arise:
�
 Question 1: Is the apparent violation a result of a
systematic inconsistency with the axiom (WST in the
example above) or is it due merely to random error?
�
 Question 2: If there is a truly systematic violation,
where in the data does it arise.
�
 Question 3: If the axiom is supported in the data, how
well does it generalize in comparison to a stricter
axiom (e.g., strong stochastic transitivity, Fishburn,
1976).

Providing satisfactory answers to such questions would
ease a long-standing tension between axiomatic theories
and empirical data. Luce and Narens (1994) put the
matter as one of the 15 unsolved problems of axiomatic
measurement theory:

Problem 2. Specify a probabilistic version of measure-

ment theory and the related statistical methods for

evaluating whether or not a data set supports or refutes

specific measurement axioms.

The current study presents a Bayesian inference
framework for assessing the viability of measurement
axioms given observed data, thereby addressing the
second part of this problem. The particular approach we
adopt is one of model comparison. In this approach a
model refers to a set of ordinal restrictions on the
parameters that are predicted by an axiom for a choice
experiment. The assumption that an axiom is true yields
one model for a data structure. The assumption that the
axiom is false yields another model. Strengthening (or
weakening) the ordinal constraints implied by the axiom
yields yet another model. We develop a Bayesian
framework in which the goodness of fit of one model
is compared to the goodness of fit of another model. It is
important to note that the current Bayesian inference
with its focus on model comparison represents a
departure from the conventional Bayesian inference in
which the probability that a model is true given data is
sought. In the present work we show that the Bayesian
inference framework provides a rigorous, readily applic-
able statistical methodology that addresses many, if not
all, of the statistical issues that arise in axiom testing.
The framework was developed over a series of studies by
Karabatsos in the context of testing axioms of
measurement (Karabatsos, 2001a,b; Karabatsos &
Ullrich, 2002; Karabatsos & Sheu, 2001, 2004).
The present Bayesian framework for assessing prob-

abilistic measurement theories assumes that a set of
parameters, each parameter representing a binary choice
probability of interest, are viewed as random variables.
The posterior distribution of these parameters arises
from a prior distribution representing an order restric-
tion implied by an axiom. Specifically, the prior assigns
non-zero probability mass to the regions of the
parameter space corresponding to the axiom since each
point in the regions represents a preference structure
that is fully consistent with the axiom. Likewise, the
prior assigns zero probability mass to the regions of the
parameter space inconsistent with the axiom. In general,
the posterior takes the form of a complicated integral
that is often impossible to express in closed analytic
form. Fortunately, standard modern tools of Markov
chain Monte Carlo inference (MCMC, e.g., Gelfand &
Smith, 1990; Gelfand, Smith, & Lee, 1992) can be
routinely applied to simulate samples from the poster-
ior. These samples provide all the information necessary
to rigorously answer the three key statistical inference
questions raised above. The basic ideas of Bayesian
inference involving order constrained parameters were
introduced by Sedransk, Monahan, and Chiu (1985).
These authors suggested use of the importance sampling
method of Monte Carlo; we prefer MCMC because it is
both easier to implement and it is more time efficient.
There are severe difficulties with traditional methods

of axiom testing, such as counting the number of axiom
violations in data, or computing some non-parametric
test statistic to evaluate the significance of the number of
axiom violations (see e.g., Cho, Luce, & von Winter-
feldt, 1994; Nygren, 1985; Michell, 1990). For example,
violation counts ignore the distinction between ‘‘trivial’’
and ‘‘serious’’ violations (Iverson & Falmagne, 1985),
and different violations often involve the same data i.e.
different violations are often dependent. Moreover, the
distribution of the number of violations depends on the
true state of nature, and this of course is unknown.
These issues point up the need for a principled statistical
methodology for testing parametric models determined
by order constraints, as noted early on by Busemeyer
(1980).
The Bayesian framework may be viewed as a Bayesian

extension of the axiom testing method pioneered by
Iverson and Falmagne (1985), (Iverson & Harp, 1987,
Iverson, 1991), which was based on the frequentist ideas
of traditional order-constrained statistical inference
(Robertson, Wright, & Dykstra, 1988). Specifically,
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Iverson and Falmagne devised a likelihood ratio statistic
that allows one to test whether the data fit the order
constraints implied by a given axiom. As noted by
Iverson and Falmagne (1985), the likelihood ratio
statistic is, for large sample sizes, given in the form of
a mixture of conventional test statistics such as chi-
square or F : The mixture weights vary from axiom to
axiom however, and are often very difficult to evaluate.
Moreover, the likelihood ratio statistic can lack power
against alternatives of potential interest, and it is
difficult to extend the test to one that tests directly
against such alternatives.
Our primary motivation for the present research is to

provide a well-justified and easily implementable meth-
odology that is widely applicable to addressing inference
problems in axiom testing. Having this pragmatic goal in
mind, we propose a Bayesian approach that is based on
posterior parameter samples. Due to the much touted
recent breakthrough in Bayesian computation, it is now
possible to generate posterior parameter samples fairly
easily from a very wide class of statistical models
(Gelman, Carlin, Stern, & Rubin, 2004). Taking advan-
tage of this, we employ the Bayesian p-value (Meng,
1994) to evaluate a given model (axiom) as to its
descriptive adequacy, and we use the Deviance Informa-
tion Criterion (DIC: Spiegelhalter, Best, Carlin, & van
der Linde, 2002) to select among a set of competing
models. These two measures, Bayesian p-value and DIC,
are estimated entirely from posterior parameter samples.1

The remainder of this paper is organized as follows.
Section 2 elaborates details of the Bayesian framework.
Section 3 provides example applications that involve the
testing of well-known axioms of decision making,
including monotonicity of joint receipt, and various
versions of stochastic transitivity. We also include an
analysis of stochastic dominance across different groups
of subjects. Section 4 discusses other possible applica-
tions and productive extensions of the Bayesian frame-
work. This is followed by a few concluding remarks in
Section 5.
2. A Bayesian approach to axiom testing

The Bayesian framework for testing axioms addresses
three important issues of statistical inference, these
1In an alternative approach, inferences may be based on posterior

probabilities. The Bayes factor (Kass & Raftery, 1995) is an example of

that approach. The approach based on posterior model probabilities

may be theoretically more appealing than that based on posterior

parameter samples; however, the former is typically much more

difficult to implement than the latter. Fully general, efficient

algorithms for computing posterior probabilities have yet to be

developed. In the present study we opt for the posterior-parameter-

sample approach, and we compute DIC indices rather than Bayes

factors.
being: (1) model estimation, (2) model evaluation, and
(3) model selection. To tackle these three issues requires
that we first specify the kind of data that are most
relevant for axiom testing, and the manner in which the
data are modeled.
2.1. A Bayesian model for a measurement axiom

There are at least two different ways to model the
stochastic nature of individual choice behavior (Car-
bone & Hey, 2000). The first approach is based on the
notion that preferences are deterministic but choices are
probabilistic. This is in the spirit of Thurstonian and
Fechnerian scaling (Falmagne, 1976; Hey & Orme, 1994;
Hey & Carbone, 1995). In this approach, we assume that
each of a pair of choice alternatives, say a and b, is
identified with a numerical value, V ða; bÞ (e.g.,
V ða; bÞ ¼ V ðaÞ � V ðbÞ), and that the choice between
them is probablistically determined by whether or not
V ða; bÞ þ �40: The ‘‘error’’ � is a random variable with
zero mean and non-zero variance (which may depend
upon the alternatives). The second approach assumes
that the decision maker chooses alternative a over b with
some fixed probability yða; bÞ (Harless & Camerer, 1994;
Loomes & Sugden, 1995). In the present study, we adopt
the latter approach. Further, taking the Bayesian view
of parameter, we consider each parameter as a random
variable.
Now, consider a typical decision making experiment

in which a subject indicates his or her choice preference
between a given pair i of gambles ai and bi; over k pairs
of gambles, i ¼ 1; . . . ; k; with the choice for gamble pair
i over Ni times. Let ni be the number of times the subject
prefers gamble ai over gamble bi in the pair i, collected
over Ni independent Bernoulli trials; the data are thus
represented by the string of counts n ¼

ðn1; . . . ; ni; . . . ; nkÞ: The likelihood of n given the sample
sizes N ¼ ðN1; . . . ;NkÞ is then given by

LðnjhÞ ¼
Yk

i¼1

Ni

ni

� �
yni

i ð1� yiÞ
Ni�ni , (3)

where yi is the parameter representing the probability of
choosing gamble ai in the ith pair, with the parameter
vector h ¼ ðy1; . . . ; ykÞ: As is evident in Eq. (3), choices
are assumed to be independent of one another over
gamble pairs and also over multiple replications of each
pair. This is a reasonable assumption to make given that
the test gambles and their multiple replications are
typically presented intermixed with irrelevant ‘‘filler’’
gambles to eliminate, as far as possible, the effects of
remembering earlier choices. The binomial probability
distribution governs preferences that are revealed in
pair-wise presentation of gambles. Obviously, other
distributions such as the multinomial may be appro-
priate depending on the nature of the choice task e.g.
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whether it is to indicate preference among more than
two gambles, or to rank the entire set of gambles from
most to least preferable.
Each of the yi in Eq. (3) follows a prior distribution,

representing any knowledge (objective or subjective)
that may be available prior to the experiment. Following
Iverson and Falmagne’s (1985) observation that any
axiom m restricts h to some parameter subspace Lm �

O � ½0; 1�k; it is natural to concentrate the prior
distribution of h on that subspace (Sedransk et al.,
1985; Karabatsos, 2001a). This prior distribution pðhÞ is
expressed as

pðhÞ ¼
hðhÞR

Lm
hðhÞ dh

(4)

with respect to some probability measure function
hðhÞ; hðhÞ ¼ 0 heLm: Fig. 1 shows a three-dimensional
representation of the parameter space Lm for an axiom
m that implies the monotonic ordinal constraint
0py1py2py3p1:
Given the likelihood LðnjhÞ; and the prior pðhÞ

characterizing a given measurement axiom, the posterior
distribution of h follows from Bayes theorem:

pðhjnÞ ¼
LðnjhÞpðhÞR

Lm
LðnjhÞpðhÞ dh

. (5)

Eq. (5) is the posterior distribution of h predicted by a
measurement axiom m that is represented in the
Fig. 1. The tetrahedron defines the parameter space Lm of a three-

parameter model with the monotonic ordinal constraint of

0py1py2py3p1: In the Bayesian framework, the prior pðy1; y2; y3Þ
is set to a positive value if the parameters fall in Lm and to zero

otherwise.
parameter space by the subspace Lm: The next
section demonstrates methods to estimate the posterior
distribution; we do this by way of an example involving
the simple order restrictions mentioned above (see
Fig. 1).
2.2. Model estimation

The integral in the constrained posterior in Eq. (5) is
often impossible to solve analytically, and Monte Carlo
simulation is employed to sample from the posterior.
Gelfand et al. (1992) note that using the Gibbs sampler,
posterior samples for constrained parameters can be
obtained routinely from the full conditional distribu-
tions (see Casella & George (1992) for a tutorial of the
Gibbs sampling algorithm). They outline two ways of
achieving this. One is simply to draw samples from the
unconstrained full conditional using the standard Gibbs
sampling algorithm keeping only those consistent with
the constraint (e.g., Dunson & Neelon, 2003). This
‘‘draw-and-test’’ method is easy to implement but can be
costly as it wastes a portion of the original samples. An
alternative method is to devise a Gibbs sampling
algorithm that allows one to sample directly from the
constrained full conditionals. This second method is
more efficient than the first method, but it requires
constructing a Gibbs sampler that implements the given
constraint. This can be a challenge, especially for non-
conjugate priors.2 We now describe in more detail the
second method, which we were able to implement in all
of our applications.
Consider the posterior distribution of any one

parameter yi; ignoring the order constraints. Assuming
a beta prior distribution Beða; bÞ on 0oyio1; the
cumulative distribution function of the unconstrained
posterior is given by

F iðxÞ ¼
GðNi þ a þ bÞ

Gðni þ aÞGðNi � ni þ bÞ

�

Z x

0

zniþa�1ð1� zÞNi�niþb�1 dz ð6Þ

for a; b40 and 0px; zp1 where GðsÞ ¼
R1

0 ys�1e�y dy is
the gamma function, s40 (e.g., Carlin & Louis, 1996,
pp. 321–322). If a given axiom m is represented by a
subspace Lm that constrains a parameter yi to satisfy
0paipyipbip1; then a sample value of yi at iteration t

from the constrained posterior distribution in Eq. (5) is
determined by

yðtÞi ¼ F�1
i ½F iðaiÞ þ u

ðtÞ
i ðFiðbiÞ � FiðaiÞÞ�, (7)
2A prior distribution is said to be conjugate with respect to a

particular probability distribution from which data are sampled if the

posterior distribution is of the same parametric family as the prior

distribution. For example, the family of beta prior distributions is

conjugate for samples from the binomial distribution.
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where u
ðtÞ
i is a random draw at iteration t from [0,1] (see

Devroye, 1986, p. 32). The sampling steps specified in
Eqs. (6) and (7) can be implemented using any modern
statistical software, such as Matlab (e.g., Hunt, Lips-
man, & Rosenberg, 2001) or S-PLUS (e.g., S-PLUS,
1995). Appendix A illustrates the Gibbs sampler for the
monotonic ordinal constraint 0py1py2py3p1:
The Gibbs algorithm guarantees that the parameter

draws fhðtÞ ¼ ðyðtÞ1 ; . . . ; yðtÞk Þ; t ¼ 1; . . . ;Tg converge to a

sample from the correct posterior distribution pðhjnÞ as T

goes to infinity (e.g., Tierney, 1994). Therefore, it is of
interest to repeat the Gibbs algorithm for T iterations,
where T is a large number (which, of course can only be
finite in practice). Several analytical methods are available
(e.g., Cowles & Carlin, 1996; Gelman, 1996) to help
determine how large T must be for the parameter draws to
converge to the correct posterior distribution, and to

determine the number B of the initial samples fhðtÞ; t ¼

1; . . . ;BoTg to discard from the analysis, as these ‘‘burn-
in’’ samples depend on the possibly arbitrary starting

values in hð0Þ that are used to initiate the Gibbs algorithm.
For simplicity, let T be the number of samples after

discarding the initial burn-in samples. Then, given the
converged samples fhðtÞ; t ¼ 1; . . . ;Tg; posterior mo-
ments are easily calculated. For example, the posterior
mean of a parameter yi is estimated by the arithmetic
average yi ¼

1
T

PT
t¼1 y

ðtÞ
i ; and uncertainty about the

parameter yi can be estimated by the 95% Bayesian
confidence interval denoted by ½y�i;0:025; y

�
i;0:975�; where y

�
i;g

is the gith percentile of the draws fyðtÞi ; t ¼ 1; . . . ;Tg:
Given the estimate of the posterior distribution pðhjnÞ

for an axiom m, the next task is to evaluate the fit of that
axiom to data n: Bayesian approaches to this evaluation
are described in the next section.

2.3. Model (axiom) evaluation

The goal of model evaluation is to answer the question,
‘‘Does the model provide an adequate fit to the data?’’. In
evaluating the descriptive adequacy of a given model
(axiom), we consider the Bayesian counterpart of the
frequentist test in judging a model’s goodness of fit, that is,
the p-value. In particular, we adopt a posterior predictive

perspective (Geisser & Eddy, 1979; Meng, 1994; Gelman,
Meng, & Stern, 1996), that compares the ‘‘current’’ data
set n to ‘‘future’’ observations nprd predicted by axiom m

from hypothetical replications of the same experiment that
produced n: This allows the calculation of a ‘‘Bayesian’’ p-
value, as a measure of discrepancy between the model and
the observed data. Specifically, assuming axiom m, the
posterior predictive distribution of nprd is obtained by
integrating out the parameter vector y; as follows:

pðnprd jnÞ ¼

Z
Lm

Lðnprd jhÞpðhjnÞ dh. (8)
A nice thing about this distribution is that it can be
estimated as a by-product of the same Gibbs sampler
used to estimate the posterior distribution pðhjnÞ:
Specifically, after parameter values hðtÞ ¼ ðyðtÞ1 ; . . . ; yðtÞk Þ

have been sampled at iteration t of the Gibbs algorithm,

each element of the binomial random vector nprdðtÞ ¼

ðn
prdðtÞ
1 ; . . . ; nprdðtÞ

k Þ is independently drawn with prob-

ability of success yðtÞi and sample size Ni ði ¼ 1; . . . ; kÞ:

Then the sample fnprdðtÞ; t ¼ 1; . . . ;Tg obtained over T

iterations of the Gibbs algorithm provides an estimate

of pðnprd jnÞ in (8). With the posterior predictive sample
in hand, the Bayesian p-value is estimated to evaluate
the fit of the data to axiom m using the generalized
Pearson chi-square discrepancy function. The latter
discrepancy is defined as

w2ðn; hÞ ¼
Xk

i¼1

ðni � NiyiÞ
2

Niyi

(9)

and the corresponding p-value is given by

p-value ¼ Prfw2ðnprd ; hÞXw2ðn; hÞg. (10)

The right-hand term in Eq. (10) is estimated from
posterior parameter samples from pðhjnÞ by calculating
1
T

PT
t¼1 Iðw2ðnprdðtÞ; hðtÞÞXw2ðn; hðtÞÞÞ: The Bayesian p-va-

lue represents the probability that the w2 value of

‘‘future’’ data is greater than or equal to the w2 value of
the observed data. As such, the p-value assesses whether
data can be adequately described by the axiom, under
the assumption that the model is correct. A large p-value
(e.g., �0:5) indicates adequate fit of the axiom to the
data whereas a low value (e.g.,o:05) suggests lack of fit.
Bayesian posterior predictive methods have been suc-
cessfully applied to test the axioms of conjoint
measurement in Karabatsos and Sheu (2004), and to
test the axioms of cultural consensus models in
Karabatsos and Batchelder (2003).
It is important to note that, as is the case for a

classical p-value, the Bayesian p-value does not indicate
the probability that an axiom is correct, and therefore,
these p-values cannot be compared across different
axioms (Carlin & Louis, 1996, p. 57). Rather, the
Bayesian p-value should be viewed as a sieve for
screening a large number of competing models in order
to produce a short list of models for further considera-
tion. Once a short list of models has been identified,
selecting the ‘‘best’’ of them is an issue that requires a
different statistical approach. The issue of model
(axiom) selection is addressed in the next section.

2.4. Model selection

What does it mean for a Bayesian p-value of a model
to be large? It means that the model is judged to provide
an adequate fit to the data but this does not necessarily
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imply that the form of the underlying data-generating
process has been identified. It is quite possible for
several models to provide good fits, each one having a
relatively large Bayesian p-value. How then should we
choose among such models? This is the model selection
problem.
The goal of model selection is straightforward: Given

a set of two or more axioms m ¼ 1; . . . ;M; identify that
axiom with the highest generalizability (prediction
accuracy) over future observations of the same experi-
ment that generated the current data set n (Geisser &
Eddy, 1979; Myung, 2000). In the current Bayesian
framework, as a measure of generalizability, we adopt
the Deviance Information Criterion (DIC). DIC has a
decision-theoretic justification in terms of minimizing
expected loss in predicting a replicate of the observed
data (Spiegelhalter, Best, & Carlin, 1998, 2002). DIC has
been profitably applied in different contexts of axiom
testing (Karabatsos & Batchelder, 2003; Karabatsos &
Sheu, 2004; Karabatsos & Ullrich, 2002) and in
analyzing hierarchical models in biostatistics and
environmental sciences (Erkanli, Soyer, & Angold,
2001; King & Brooks, 2001; O’Malley, Normand, &
Kuntz, 2003).
The DIC is based on the deviance discrepancy

function (McCullagh & Nelder, 1989),3 and for binomial
data, the latter is given by

DðhÞ ¼ 2
Xk

i¼1

ni log
ni þ 1=2

Niyi þ 1=2

� ��

þðNi � niÞ log
Ni � ni þ 1=2

Ni � Niyi þ 1=2

� �	
, ð11Þ

where h ¼ ðy1; . . . ; ykÞ is a sample from the posterior
distribution pðhjnÞ and log is the natural logarithm. The
constants 1=2 implement a continuity correction, and
prevent division by zero.
Let DðhÞ be the deviance of the posterior mean of h:

Technically, DðhÞ is defined as the deviance of the
estimate of the posterior mean, i.e., DðhÞ ¼

Dð1
T

PT
i¼1 hðtÞÞ: Also, let DðhÞ ¼ 1

T

PT
i¼1 DðhðtÞÞ be the

posterior mean of the deviance. The DIC for an axiom
m is then defined as

DIC ¼ DðhÞ þ 2pD, (12)

where pD ¼ DðhÞ � DðhÞ: In terms of DIC, general-
izability is estimated by trading-off goodness of fit
(GOF) against model complexity, as is the case for many
other selection criteria (Myung, 2000). The first term on
the right-hand side of (12) measures the lack of fit of
axiom m to the data n: The second term is a penalty for
the complexity of the axiom, estimated by twice the
3The deviance function for data vector y is defined as DðhÞ ¼

�2 log LðyjhÞ þ 2 log f ðyÞ where f ðyÞ is the saturated deviance

obtained from log LðyjhÞ by setting mðhÞ ¼ y:
‘‘effective’’ number of parameters pD (Spiegelhalter et
al., 2002). The more restrictive an axiom, the less
complex it is, and thus the smaller its value of pD:

4

The value of DIC represents an estimated expected
distance between the assumed model and the true model
that generated the data. This distance is measured by the
Kullback–Leibler information (Kullback & Leibler, 1951).
Unlike Bayesian p-values, DIC values themselves have no
probability interpretation and can only be interpreted
ordinally in the sense that the smaller DIC value a model
has, the more accurate its predictions for future samples;
equivalently, the better it generalizes. Among a set of two
or more axioms, the axiom with the lowest DIC value has
the highest generalizability and, thus, is to be preferred.
Since DIC is a function of the estimated posterior

distribution, pðhjnÞ; it is subject to Monte Carlo
sampling error. It is therefore recommended that the
accuracy of DIC be estimated by running the Monte
Carlo sampling scheme several times using different
initial values and random number seeds. If two or more
models have sufficiently similar DIC values (within the
standard error of the estimate of DIC), one may
conclude that they generalize equally well.
One question that inevitably arises in the practical

application of DIC is, ‘‘How does one determine
suitable candidate models?’’ Obviously, we need at least
two models: (1) the ‘‘target’’ model that fully embodies
the order constraints of an axiom and (2) the ‘‘baseline’’
model involving no ordinal restrictions whatsoever. In
addition to these two, one useful strategy of model
construction, known as the principle of structural risk

minimization in machine learning (Vapnik, 1998), is to
create an ensemble of successively nested models, with
varying degrees of complexity, that yields as special
cases both the target and baseline models. The goal is
then to find a model, from the ensemble, that has the
smallest DIC value. If that model happens to be the
target model, this indicates strong support for the
axiom. On the other hand, if the model with smallest
DIC is more (less) complex than the target model, then
we conclude that the axiom is over-constrained (under-
constrained) relative to the underlying regularity.
In the following we discuss three features of DIC that

make it desirable as a model selection criterion.
First, DIC can be viewed as a Bayesian analogue of

the well-known Akaike Information Criterion (AIC,
Akaike, 1973). Both criteria are interpreted as a large-
sample approximation of the Kullback–Leibler discre-
pancy of the fitted model to replicated data, and are
asymptotically equivalent for normal linear models
(Spiegelhalter et al., 2002). However, an important
advantage of DIC over AIC is that its penalty term
measures the complexity of order-constrained models,
4Complexity refers to a model’s inherent flexibility that enables it to

fit a wide range of data patterns (Myung & Pitt, 1997).
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while AIC’s penalty term, which equals two times the
actual number of model parameters, cannot discriminate
in complexity between models that have the same
number of parameters, but differ in the extent to which
they implement order-constraints.
Second, DIC does not require that competing models

be nested within one another. Models can be non-nested
and even mis-specified, meaning that none of the models
need be assumed true. In all these cases, model selection
using DIC can be carried out routinely in the Bayesian
framework. This is in contrast to the frequentist frame-
work, such as the w2-based likelihood ratio test, which is
often intractable without the nesting assumption.
Third, DIC can be estimated by the posterior

parameter samples generated by the Gibbs algorithm
presented earlier or by any other Monte Carlo algorithm
that generates posterior parameter samples. This is in
contrast to the well-known, but much harder-to-
compute, Bayes factor. The Bayes factor is defined as
the ratio of the marginal likelihood under one model to
the marginal likelihood under a competing model:

Bayes factor ¼
pðnjm1Þ

pðnjm2Þ
¼

R
Lm1

ðnjhÞpm1
ðhÞ dhR

Lm2
ðnjhÞpm2

ðhÞ dh
. (13)

The Bayes factor can be rewritten as a ratio of the

posterior odds to the prior odds as
pðm1jnÞ=pðm2jnÞ

pðm1Þ=pðm2Þ
:

Accordingly, the Bayes factor is determined by the
posterior model probabilities given data, pðmijnÞ ði ¼

1; 2Þ; under the assumption of equal model priors (i.e.,
pðm1Þ ¼ pðm2Þ). Despite its appeal, the Bayes factor is
often difficult to compute. A general purpose algorithm
for efficiently computing the marginal likelihoods has
yet to be devised, especially for highly parameterized
and non-conjugated models (Congdon, 2003, p. 34).
3. Example applications

We now apply the Bayesian inference framework to
the testing of some well-known axioms of decision
making. We begin with toy models.

3.1. Toy models

Consider the following models that all have three
parameters but differ from one another in ordinal
constraints on the parameters:

M1 : 0oy1; y2; y3o1 ðe:g:; h ¼ ð0:8; 0:5; 0:1ÞÞ,

M2 : 0oy1o1; 0oy2oy3o1 ðe:g:; h ¼ ð0:8; 0:5; 0:7ÞÞ,

M3 : 0oy1oy2oy3o1 ðe:g:; h ¼ ð0:4; 0:5; 0:7ÞÞ,

M4 : 0o3y1oy2oy3o1 ðe:g:; h ¼ ð0:1; 0:5; 0:7ÞÞ.

(14)
Note that M1 is the baseline model with no
restrictions, other than the lower and upper bounds on
the parameters. The remaining three models, M2–M4;
are constructed with varying degrees of ordinal con-
straints in such a way that M2 is the least constrained
(i.e., most complex) and M4 is the most constrained (i.e.,
simplest). Note that all four models nest within one
another.
To show how the Bayesian framework works, let us

consider an artificial data vector n ¼ ð6; 12; 16Þ given the
sample size vector N ¼ ð20; 20; 20Þ; or simply N ¼ 20 so
the observed proportion vector is given by p ð¼ n=NÞ ¼

ð0:3; 0:6; 0:8Þ: Note that the observed vector p satisfies
the ordinal restrictions of M1 � M3; but not those of
M4: For each model, assuming a uniform prior over the
appropriate subspace of the parameter vector, we
estimated posterior distributions using Gibbs sampling
with T ¼ 5000 and a burn-in of 500 samples. Table 1
shows the results of the model analysis.
The results of model evaluation indicate that for

M1–M3; the Bayesian p-values are around 0.5, meaning
that the vector p represents a typical observation under
each of these three models. The p-value for M4 (0.24) is
also reasonably large. The question then arises: ‘‘Which
one of the four models is closest to the true underlying
model that generated the data?’’ This is the model
selection issue DIC addresses. The results of model
selection are shown in the last three columns of the
table. Here, we note that the complexity penalty pD

decreases from top to bottom. This pattern of result
nicely captures the intuition that the more order
restrictions a model has, the less complex (flexible) the
model becomes. In terms of goodness of fit, M3 is the
best-fitting model with its deviance value of 0.118,
evaluated at the posterior mean. It turns out that the
same model also generalizes best with its lowest DIC
value of 4.12. In short, among the three models,
M1–M3; the order constraints of which the observed
data fully satisfy, DIC selects the least complex model,
M3; as the best-generalizing one, thereby implementing
the principle of Occam’s razor.
Now consider a scenario that demonstrates sample

size effects. Suppose that we have observed a vector of
proportions p ¼ ð0:3; 0:65; 0:6Þ which violates the ordi-
nal constraint, y2oy3: M1 is the only model that is fully
consistent with the data. Is this violation a systematic
inconsistency between model and data or simply a
reflection of sampling error? Our Bayesian framework
can be applied to answer the question.
The results of model evaluation and selection for

sample sizes N ¼ 20 and 100 are displayed in Table 2.
Not surprisingly, for both sample sizes, it is the
unrestricted model M1 that fits the data best in terms
of DðhÞ: However, according to DIC values, when the
sample size is relatively small (N ¼ 20) M3 is selected as
the model that generalizes best. This result indicates that
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Table 1

Model fit analysis for four toy models with artificial data pð¼ n=NÞ ¼ ð0:3; 0:6; 0:8Þ for sample size N ¼ 20

Model Bayesian p-value DðhÞ (GOF) pD (complexity) DIC ð¼ GOFþ 2pDÞ

M1 0.52 0.233 2.33 4.88

M2 0.53 0.190 2.16 4.51

M3 0.56 0.118 2.00 4.12

M4 0.24 1.52 1.36 4.25

On the last column, the lowest DIC value is marked in bold.

Table 2

Effects of sample size on violations of ordinal predictions

Sample size Model Bayesian DðhÞ pD DIC

N p-value (GOF) (complexity) ð¼ GOFþ 2pDÞ

20

M1 0.53 0.097 2.38 4.87

M2 0.48 0.99 1.84 4.68

M3 0.50 0.118 0.94 4.46

M4 0.19 2.34 1.13 4.60

100

M1 0.49 0.023 2.91 5.85

M2 0.39 1.73 2.15 6.03

M3 0.39 1.73 2.14 6.01

M4 0.02 7.30 1.20 9.71

A vector p ¼ ð0:3; 0:65; 0:6Þ of data proportions for two different values of sample size N was used in all calculations. For each sample size, the lowest

DIC value is marked in bold. The four models are the same as those in Table 1.
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given the relatively small sample size, the apparent
violation of the ordinal constraint is possibly sampling
error and, from the DIC viewpoint, the data support the
ordinal constraint y2oy3: This interpretation is unten-
able for a sufficiently large sample size (e.g. N ¼ 100).
As shown in the lower half of Table 2, M1 is chosen as
the best generalizing model.
This example, simple though it may be, shows that

DIC provides a very useful index for selecting among
competing models, and in doing so it takes into account
sampling error and sample size.

3.2. Testing the monotonicity of joint receipt axiom

The class of contemporary quantitative models of
choice between gambles includes subjective expected
utility theory (Savage, 1954), prospect theory (Kahne-
man & Tversky, 1979), cumulative prospect theory
(CPT: Tversky & Kahneman, 1992), and rank- and sign-
dependent utility theory (RSDU: Luce, 1991; Luce &
Fishburn, 1991, 1995). In particular, RSDU and CPT
represent two recent generalizations of prospect theory.
Interestingly, both theories give rise to the same
numerical representation, though the axiomatization of
RSDU is different from that of CPU (Wakker &
Tversky, 1993). One feature that distinguishes the two
formulations is the notion of joint receipt in RSDU.
Joint receipt, denoted by �; involves a choice situation
in which a decision-maker receives two or more
consequences together. For gambles g and f, g � f

means that one receives the consequences of both
gambles at the same time. Monotonicity of joint receipt
(JR) is a key axiom that underlies the derivation of the
RSDU representation. The axiom states that if choice
alternative g is preferred to choice alternative h, then
preference between the modified JR alternatives with a
common alternative, say f, should remain unchanged.

Monotonicity of Joint Receipt:

gkh3g � fkh � f . ð15Þ

For example, suppose you are presented with the
following two alternatives: choice A for which you
receive ten raffle tickets and also a pair of tickets to your
favorite concert; and choice B in which you receive five
raffle tickets and also a pair of concert tickets. You
would surely prefer ten raffle tickets to five raffle tickets.
According to axiom (15), you should then prefer choice
A over B.
Though axiom (15) may appear obvious, it must be

empirically evaluated. Cho and Luce (1995) tested the
axiom indirectly by estimating certainty equivalents
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5For example, in the gain–gain condition, both gambles g and h have

positive expected values.
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(CEs) of JR. For a gamble g, its certainty equivalent is
defined as the amount of money that matches the
gamble i.e. CEðgÞ�g where the symbol � denotes
‘‘indifferent to’’. The results of Cho and Luce were not
clear-cut; they concluded that either the data did
support the monotonicity of JR or the order-preserving
assumption of CEs is false. Unfortunately, the latter
assumption could not be verified independently. Cho
and Fisher (2000) ran a follow-up study in which the
monotonicity of JR was tested ‘‘directly’’, without
estimating CEs. In this study statistical evaluation of
the axiom was conducted using Kendall’s rank-order
correlation t test and a binomial test. In both tests, the
null hypothesis (that the axiom is true) was not rejected,
despite the fact that 29–39% of the raw responses
violated the axiom. Cho and Fisher (2000), cautioned
the reader that their statistical analysis might be
considered a ‘‘weak’’ test of the axiom as Kendall’s t
required converting the original responses into ordered
ranks, and similarly, the binomial tests were based on
partitioning the original multi-nary responses into
binary ones; ‘‘these methods did not allow us to test
the strictly algebraic assumptions of . . . the monotoni-
city of JR . . .’’ (p. 80). They voiced the need for
developing a statistical methodology that directly tests
monotonicity of JR without preprocessing of data. Our
Bayesian approach provides just such a method. There
are several important differences between the Bayesian
approach and the frequentist one, conceptual as well as
interpretational. We point out three of them in the
context of testing the monotonicity of joint axiom.
Firstly, in the Bayesian approach one directly tests the

algebraic assumptions of the monotonicity of joint
receipt. This was not possible with the frequentist
approach employed in Cho and Fisher (2000). Here,
rather than testing viability of the specific ordinal
constraints implied by the axiom, the null hypothesis
that people choose gambles at random is tested instead.
Secondly and related, the goal of model selection using
DIC in the Bayesian framework is to identify the model,
among a set of competing models, that best generalizes,
or put another way, provides most accurate predictions
for future data samples. On the other hand, null
hypothesis significance testing of the frequentist frame-
work does not assess generalizability. Rather, it judges
the descriptive adequacy of the null hypothesis. As
such, even if the null hypothesis is retained, the result
does not necessarily indicate that the hypothesis
generalizes better than the alternative hypothesis, or
vice versa. Thirdly, no modifications of original
responses are necessary to carry out Bayesian tests. On
the other hand, frequentist tests such as Kendall’s t and
binomial test often require one to alter original
observations into forms that are suitable for application
with the methods, thereby ‘‘weakening’’ interpretability
of results.
3.2.1. Bayesian model fit analysis

In this section, we develop Bayesian models that
represent the order constraints implied by the mono-
tonicity of JR, and we reanalyze Cho and Fisher’s (2000)
data using these models.
Stimuli used in Cho and Fisher (2000, Table 1) were

binary gambles ðx;P; yÞ in which x and y are amounts of
money, and P is the probability of receiving x, and ð1� PÞ

is the probability of receiving y. Under each of four
conditions (gain–gain, loss–loss, gain–loss, and mix–mix),5

six pairs of gambles were constructed as follows:

ðgi; hiÞ; ðgi � f 1; hi � f 1Þ; ðgi � f 2; hi � f 2Þ,

i ¼ 1; 2 ð16Þ

allowing four separate tests of axiom (15). Each pair of
the six gambles was repeatedly presented eight times,
intermixed with a large number of filler gambles in an
attempt to ensure independent responses. Twelve sub-
jects participated in the experiment, and each received
the same stimuli under the same conditions.
To apply the Bayesian framework for testing the

monotonicity of JR axiom, we defined six parameters
h ¼ ðy1; . . . ; y6Þ as follows: y1 ¼ Pðg1kh1Þ; y2 ¼ Pðg1 �

f 1kh1 � f 1Þ; y3 ¼ Pðg1 � f 2kh1 � f 2Þ; y4 ¼ Pðg2kh2Þ;
y5 ¼ Pðg2 � f 1kh2 � f 1Þ; and y6 ¼ Pðg2 � f 2kh2 � f 2Þ:
The regions of the parameter space implied by the axiom
in Eq. (15) then consist of

f0oy1; y2; y3o0:5 or 0:5oy1; y2; y3o1g,

f0oy4; y5; y6o0:5 or 0:5oy4; y5; y6o1g. (17)

Note that the axiom corresponds to a subset of the
six-dimensional parameter space O � ½0; 1�6; made up of
26 ¼ 64 hypercubes of side length 1/2. Among these 64
halfcubes, 2! ¼ 4 are consistent with the axiom in the
sense that for a given parameter vector h ¼ ðy1; . . . ; y6Þ;
the axiom is satisfied if and only if the parameter vector
lies inside one of the 4 halfcubes. Each halfcube
consistent with the axiom is identified by the two-letter
symbol defined as ll ¼ ð� � � � ��Þ; lh ¼ ð� � � þ

þþÞ; hl ¼ ðþ þ þ � ��Þ; or hh ¼ ðþ þ þ þ þþÞ

where the þ;� signs denote a probability 40:5 or o0:5
of each of the six parameters in (17). For instance, the
pattern lh denotes the halfcube defined by ordinal
constraints f0oy1; y2; y3o0:5 and 0:5oy4; y5; y6o1g:
In the gain–gain condition, there were three parameters
instead of six. According to Cho and Fisher (2000), half
the data collected were invalid due to an experimental
design mistake and therefore, were excluded from the
analysis, yielding tests only with the three parameters
y1; y2; y3 in Eq. (17). Consequently, the two hypercubes
consistent with the axiom are identified with the pattern
l ¼ ð� � �Þ or h ¼ ðþ þ þÞ:
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Two models were constructed: the full model with no
ordinal constraints, denoted by Mfull; and the ‘‘mono-
tonicity’’ model that implements the ordinal constrains
in Eq. (17). The latter was constructed by combining all
four conditions together as follows. This model has 21
parameters made of 3, 6, 6, and 6 parameters
corresponding to the gain–gain, loss–loss, gain–loss,
and mix–mix conditions, respectively. The four condi-
tions are described in parameter space by the corre-
sponding 2, 4, 4, and 4 hypercubes consistent with the
axiom. We further broke the model up into 128
submodels ð128 ¼ 2� 4� 4� 4Þ; only one of which
could possibly generate data under the axiom. Each
submodel is identified with a specific order Z by joining
up the seven ordinal patterns defined earlier, such as
ðlllllllÞ; ðlhlhllhÞ; ðhhlhllhÞ; etc. For example, the order
Z ¼ ðhhlhllhÞ denotes the submodel defined by the
patterns h; hl; hl; lh for the gain–gain, loss–loss, gain–
loss, and mixed–mixed conditions, respectively. The
submodel given an order Z is denoted by MmonoðZÞ:
For each subject, a total of 129 models, the full model

(Mfull) and 128 submodels (MmonoðZÞ), each with 21
parameters, were fitted to the data. Assuming a uniform
prior over the parameter space, Gibbs sampling was
carried out to draw T ¼ 2000 posterior parameter
samples after a burn-in of 1000 samples. Gibbs sampling
was repeated ten times independently to get an accurate
estimate of DIC. Among the 128 submodels, the model
with the smallest DIC value was selected as ‘‘best’’
characteristic of the subject’s performance.
Consider first the results of individual subject analysis

shown in Table 3.6 For each subject, the first row of
Table 3 shows mean DICs and standard deviations for
the full model and the monotonicity submodel with the
‘‘best’’ order Z: Shown in the second through fifth rows
are DICs further broken up by condition. The result of
overall DICs across all conditions seems to clearly
support the axiom; for a majority of subjects (9 out of
12), DIC selects MmonoðZÞ over Mfull: Among three
subjects (Subjects 1, 8 and 9) who are judged to violate
the axiom, two of them (Subjects 1 and 9) have data that
result in unusually high DICs and relatively low
Bayesian p-values for MmonoðZÞ; as marked with ‘‘a’’ in
the table, suggesting choice behavior that is counter to
the axiom. This is difficult to explain, especially given
that the ‘‘abnormality’’ is observed only in one of the
four conditions and data for the other three conditions
yield ‘‘normal’’ DICs and Bayesian p-values. Appar-
ently, the aberrant DIC in one condition tipped the scale
toward M full:
6The Bayesian p-values which are not reported in the table were all

reasonably large for both models, ranging from 0.24 (min) to 0.63

(max), indicating adequate fits, except for two cases under MmonoðZÞ
with their p-values less than 0.05. These cases are marked with ‘‘a’’ in

the table.
Table 4 shows the results of Bayesian model fit
analysis for the entire data with 12 subjects. Each DIC
of the table is obtained by simply adding up the
corresponding DICs of 12 subjects in Table 3, under
the assumption that each subject’s data is independent
of another. Note that the DIC defined in (11) is additive
for independent data. The two models in the table, Mfull

and MmonoðZÞ; have 252 parameters each ð252 ¼ 12�
21Þ; which can further be broken up into 36, 72, 72, and
72 according to the four conditions. The Bayesian p-
values of 0.40–0.48 for both models indicate that
overall, these models provide acceptable fits to the data.
The DIC result is clear-cut; DIC prefers MmonoðZÞ to
M full in every model comparison.
To summarize, the Bayesian framework enables us to

test the monotonicity of joint receipt axiom while
accounting for sampling error in the data. Our Bayesian
re-analysis of Cho and Fisher (2000) confirms the
empirical viability of the axiom. Interestingly, the Bayesian
conclusion turns out to agree essentially with the
conclusion obtained by these authors based on frequentist
non-parametric tests. By no means, however, should this
circumstance be taken as representative. The theoretical
foundations of the Bayesian approach are sufficiently
distinct from non-Bayesian methods that the outcome of a
Bayesian analysis may differ from a frequentist one.

3.3. Testing the stochastic transitivity axiom

Stochastic transitivity is basic to most theories of choice.
Three increasingly strict versions of stochastic transitivity
have been discussed in the literature: weak stochastic
transitivity (WST), moderate stochastic transitivity (MST)
and strong stochastic transitivity (SST). For a triplet of
gambles a; b and c, let Pab denotes the probability of
choosing gamble a over b and define Pbc and Pac similarly.
In terms of these choice probabilities the various notions
of stochastic transitivity are defined as follows:

Stochastic Transitivity:

WST : PabX0:5 and PbcX0:5 ) PacX0:5,

MST : PabX0:5 and PbcX0:5 ) PacXminfPab;Pbcg,

SST : PabX0:5 and PbcX0:5 ) PacXmaxfPab;Pbcg.

ð18Þ

Results from empirical tests of these axioms indicate that
WST andMST are seldom violated but SST is consistently
violated (Tversky, 1969; Busemeyer, 1985; Mellers, Chang,
Birnbaum, & Ordonez, 1992; Sjoberg, 1975; Lindman,
1971). Very often, stochastic transitivity has been evalu-
ated merely by visual inspection of choice proportions.

3.3.1. Tversky (1969) data

To illustrate the Bayesian framework for testing
stochastic transitivity, let us consider Tversky’s (1969)
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Table 3

Individual subject analysis testing monotonicity of joint receipt for

Cho and Fisher (2000) data assuming the ‘‘best’’ order Z for each

subject, shown in the last column

Subject Condition M full MmonoðZÞ

1 All conditions 30:9� 0:22 34:5� 0:21 ðZ ¼ ðhhlhllhÞÞ

G–G 3:66� 0:07 8:66� 0:04a

L–L 8:39� 0:08 8:37� 0:12
G–L 9:40� 0:08 8:99� 0:10
M–M 9:41� 0:11 8:49� 0:08

2 All conditions 28:9� 0:15 28:3� 0:12 ðZ ¼ ðllhhhlhÞÞ

G–G 4:29� 0:05 3:48� 0:07
L–L 8:08� 0:10 7:10� 0:07
G–L 8:47� 0:08 8:39� 0:08
M–M 8:07� 0:12 9:37� 0:11

3 All conditions 27:2� 0:13 24:8� 0:09 ðZ ¼ ðhlhhlhlÞÞ

G–G 4:25� 0:05 4:28� 0:06
L–L 7:53� 0:05 7:84� 0:06
G–L 7:49� 0:08 6:65� 0:05
M–M 7:96� 0:09 5:99� 0:06

4 All conditions 33:0� 0:17 30:8� 0:15 ðZ ¼ ðlhlhlhhÞÞ

G–G 5:21� 0:07 5:11� 0:05
L–L 8:39� 0:10 7:40� 0:11
G–L 9:48� 0:09 8:56� 0:06
M–M 9:96� 0:11 9:70� 0:11

5 All conditions 32:4� 0:14 29:5� 0:12 ðZ ¼ ðlhlhllhÞÞ

G–G 4:14� 0:07 3:36� 0:05
L–L 8:91� 0:08 8:16� 0:10
G–L 9:46� 0:13 8:31� 0:06
M–M 9:92� 0:08 9:62� 0:06

6 All conditions 31:0� 0:19 28:0� 0:15 ðZ ¼ ðhllhllhÞÞ

G–G 3:74� 0:06 2:76� 0:05
L–L 8:43� 0:08 8:14� 0:09
G–L 9:41� 0:13 8:50� 0:06
M–M 9:43� 0:10 8:62� 0:09

7 All conditions 32:9� 0:24 30:2� 0:15 ðZ ¼ ðllllhhlÞÞ

G–G 4:71� 0:08 4:48� 0:08
L–L 9:92� 0:10 9:63� 0:06
G–L 9:37� 0:06 8:47� 0:07
M–M 8:88� 0:10 7:57� 0:07

8 All conditions 30:6� 0:20 31:5� 0:14 ðZ ¼ ðlhllllhÞÞ

G–G 4:26� 0:07 3:67� 0:07
L–L 7:95� 0:09 9:26� 0:07
G–L 9:45� 0:09 10:4� 0:08
M–M 8:91� 0:10 8:16� 0:14

9 All conditions 32:5� 0:08 35:9� 0:11 ðZ ¼ ðlhhlhhlÞÞ

G–G 4:76� 0:06 4:49� 0:05
L–L 8:92� 0:08 13:8� 0:06a

G–L 9:33� 0:06 9:00� 0:10
M–M 9:48� 0:08 8:56� 0:11

10 All conditions 30:6� 0:17 26:5� 0:10 ðZ ¼ ðhllhlllÞÞ

G–G 3:71� 0:07 3:21� 0:06
L–L 7:53� 0:10 4:90� 0:05
G–L 9:42� 0:08 8:73� 0:08
M–M 9:90� 0:09 9:67� 0:06

Table 3 (continued )

Subject Condition M full MmonoðZÞ

11 All conditions 29:0� 0:18 28:1� 0:11 ðZ ¼ ðllhllhlÞÞ

G–G 4:22� 0:05 3:34� 0:04
L–L 8:45� 0:08 7:96� 0:07
G–L 8:48� 0:12 10:4� 0:06
M–M 7:89� 0:10 6:34� 0:09

12 All conditions 30:0� 0:18 26:2� 0:11 ðZ ¼ ðhllhllhÞÞ

G–G 3:72� 0:07 2:72� 0:03
L–L 8:97� 0:10 7:73� 0:07
G–L 8:89� 0:07 8:29� 0:09
M–M 8:43� 0:11 7:46� 0:06

For each subject and condition, the mean DIC and standard deviation,

based on 10 independent replications of Gibbs sampling, are shown.

For each condition, the lowest DIC, or both DICs if they are with the

margin of sampling errors, is marked in bold.
aIndicates that the corresponding Bayesian p-value o0:05:

Table 4

Model fit analysis testing monotonicity of joint receipt for Cho and

Fisher’s (2000) data with 12 subjects

Condition M full MmonoðZÞ

Bayesian p-

value

DIC Bayesian p-

value

DIC

All

conditions

0.46 369:4� 0:61 0.43 354:2� 0:48

G–G 0.46 50:67� 0:33 0.43 49:65� 0:13
L–L 0.48 101:6� 0:34 0.42 100:3� 0:24
G–L 0.42 108:8� 0:21 0.40 104:9� 0:27
M–M 0.43 108:4� 0:37 0.45 99:34� 0:20

The mean DIC and standard deviation shown for each model and

condition are based on 10 independent replications of Gibbs sampling.

The lowest DIC in each condition is marked in bold.
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data. In this study subjects were asked to choose
between pairs of gambles. A total of 10 test pairs were
presented to each subject, with the order of presentation
randomized, and each pair was repeated 20 times over
five sessions, one per week, intermixed with irrelevant
gambles in an attempt to ensure independent responses.
There were eight subjects in the study. The data for
Subject 1 taken from Table 2 of Tversky (1969) are
shown in the top panel of Table 5. The data are
organized as though the ordering of gambles from most
preferred to least preferred is abcde.
Stochastic transitivity is defined in terms of triples; for

instance, the triple corresponding to the definition in
(18) is denoted ða; b; cÞ: Using this notation, for the 5� 5
data matrix in Table 5, we identify ten different
triples, allowing for ten possible tests of stochastic
transitivity restricted to the order abcde, one test per
triple. These triples are ða; b; cÞ; ða; b; dÞ; ða; b; eÞ; ðb; c; dÞ;
ðb; c; eÞ; ðb; d; eÞ; ðc; d; eÞ; ða; c; dÞ; ða; c; eÞ; and ða; d; eÞ: It
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Table 5

The top panel shows proportion data of Subject 1, reproduced from

Tversky (1969, Table 2), and the lower panel shows the parametriza-

tion of the Bayesian framework

Gamble a b c d e

a — 0.75 0.70 0.45a 0:15a

b — 0.85 0.65 0.40a

c — 0.80 0.60

d — 0.85

e —

a — y1 y5 y8 y10
b — y2 y6 y9
c — y3 y7
d — y4
e —

The data consist of 10 binary choice proportions, each one

representing the observed proportion of times the row gamble was

chosen over the column gamble over 20 independent trials.
aIndicates violations of WST.

7The five gambles used in the preliminary session as well as in the

main experiment were as follows: gamble a ¼ ð7=24; $5:00; $1:46Þ;
gamble b ¼ ð8=24; $4:75; $1:58Þ; gamble c ¼ ð9=24; $4:50; $1:69Þ; gam-
ble d ¼ ð10=24; $4:25; $1:77Þ; gamble e ¼ ð11=24; $4:00; $1:83Þ: The

three values in each parentheses indicate the probability of winning,

payoff, and expected value, respectively
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turns out that there are seven violations of WST
restricted to abcde; MST and SST are not satisfied for
any of the 10 triples. The question then is ‘‘Are these
violations numerous enough to reject one or other
transitivity axiom?’’. To provide an answer is to find the
sampling distribution of violation counts, taking into
account the effects of sample size and sampling error.
However that cannot be done unless the true choice
probabilities are known, and of course they are not.
Moreover, the counting method is fundamentally flawed
since it does not take into account dependencies that
exist among the individual tests. The Bayesian approach
to testing stochastic transitivity is, in contrast, relatively
straightforward.

3.3.2. Model specification

The Bayesian framework for Tversky’s (1969) data
requires ten parameters, one for each choice probability,
indicated in the lower panel of Table 5. For example, y1
is defined as Pab: The specification of parameter subsets
that are consistent with stochastic transitivity is a key
first step.
To do this, we first note that WST corresponds to the

subset of the 10-Dimensional parameter space O �

½0; 1�10 made up of 210 ¼ 1024 hypercubes of side length
1/2. Among these 1024 halfcubes, 5! ¼ 120 are consis-
tent with WST in the sense that for a given parameter
vector h ¼ ðy1; . . . ; y10Þ; WST is satisfied if and only if
the parameter vector lies inside one of the 120 halfcubes.
Each halfcube consistent with WST is identified with a
specific order Z of the five gambles; these orders are
denoted in an obvious way by ðabcdeÞ; ðbcdeaÞ; ðaebdcÞ;
etc. (Iverson & Falmagne, 1985; Iverson, 1991). For
instance, the order ðabcdeÞ denotes the halfcube defined
by ordinal constraints 0:5oyio1; ði ¼ 1; . . . ; 10Þ and
the corresponding parameter subspace is denoted by
Lwst

Z¼ðabcdeÞ; or in short, Lwst
ðabcdeÞ: Appendix B describes the

ordinal constraints by which each of the 120 halfcubes is
defined. Since MST is a proper subset of WST, each of
the 120 WST-consistent halfcubes making up WST must
be further constrained to define MST. Similarly, SST is
defined by further constraining MST. Appendix B also
describes the order constraints on the parameters
necessary to define MST and SST.
We now construct four Bayesian models. M full is

the baseline model with no ordinal restrictions.
The three models that implement the ordinal constraints
of WST, MST and SST are defined in terms of their
prior parameter density pðhÞ given an order, Z; as
follows:

M full : pðhÞ ¼ 1; h 2 O,

MwstðZÞ : pZðhÞ ¼ c1 if h 2 Lwst
Z and 0 otherwise,

MmstðZÞ : pZðhÞ ¼ c2 if h 2 Lmst
Z and 0 otherwise,

MsstðZÞ : pZðhÞ ¼ c3 if h 2 Lsst
Z and 0 otherwise, ð19Þ

where c1; c2 and c3 are some positive constants to be
determined from the normalizing condition,R
pZðhÞ dh ¼ 1: For example, c1 ¼ 210:
The three models for WST, MST and SST in Eq. (19)

are specified conditional on a particular order Z: This
reflects our modeling strategy for Tversky’s (1969) data.
To obtain sensible interpretations of the data, one has to
tailor the models so that they reflect the way Tversky
fully anticipated the data would turn out. In this regard,
there are several important pieces of information about
Tversky’s (1969) experiment that we take into account in
the present Bayesian analysis.
First, the five gambles were constructed so that their

expected value is decreased successively from gamble a

to gamble e.7 This was done in such a way that the
expected value was positively correlated with probability
of winning but was negatively correlated with payoff.
Second, each gamble was presented on a card on which
the payoff was shown in numeric form, whereas the
probability of winning was shown visually as a pie chart
with back and white sectors. It was therefore expected
that subjects would pay more attention to payoff
differences than probability differences, at least for
‘‘adjacent’’ gambles. Third, the eight subjects in the
main experiment were selected from an initial pool of
eighteen subjects who were pre-screened based on their
propensity to exhibit intransitivity in a preliminary
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Table 6

Model fit analysis testing stochastic transitivity for Tversky’s (1969)

data assuming the same order Z ¼ ðabcdeÞ for all subjects

Subject Mfull MwstðZÞ MmstðZÞ MsstðZÞ

1 0 7 10 10

15:98� 0:25 26:16� 0:19 54:92� 1:99 55:54� 0:27

2 0 8 10 10

16:48� 0:25 22:77� 0:23 39:05� 0:66 35:23� 0:49

3 0 5 10 10

16:35� 0:23 20:68� 0:13 72:47� 2:58 65:12� 0:30

4 0 10 10 10

16:03� 0:26 60:00� 0:12 99:86� 1:62 76:80� 0:53

5 0 6 9 10

16:42� 0:28 18:26� 0:14 46:76� 0:77 31:13� 0:23

6 0 3 9 10

16:25� 0:21 22:00� 0:20 69:21� 1:40 63:07� 0:25

7 0 5 6 9

16:44� 0:30 13:29� 0:12 16:72� 0:23 12:24� 0:25
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session. Specifically, in the preliminary session, the
eighteen subjects were presented with four pairs of
‘‘adjacent’’ gambles ðða; bÞ; ðb; cÞ; ðc; dÞ; ðd; eÞÞ and also
the single pair of extreme gambles ða; eÞ; intermixed with
ten pairs of ‘‘irrelevant’’ gambles. Adjacent gambles are
ones that are a step apart along the payoff scale or the
probability scale. Given this manipulation, it was
expected that ‘‘subjects would ignore small probability
differences, and choose between adjacent gambles on the
basis of the payoffs. . . . It was further hypothesized that
for gambles lying far apart [e.g., a and e] in the chain,
subjects would choose according to the expected value,
or the probability of winning. Such a pattern of
preference must violate transitivity somewhere along
the chain (from a to e).’’ (Tversky, 1969, pp. 33–34). The
parenthesis ½. . .� is our own addition. In other words, it
was expected, in the preliminary session, that some
subjects would exhibit the cyclic pattern of preference
akb; bkc; ckd; ckd; dke; and eka; which violates
stochastic transitivity. From a pool of eighteen subjects,
only those eight who were judged as potentially
intransitive based on the results from the preliminary
session were invited to participate in the main experi-
ment. In the main experiment, all possible pairs of the
same five gambles were presented along with pairs of
irrelevant gambles with the order of presentation
randomized.
From the very careful design of the experimental

protocol, one might well anticipate that choice be-
havior of the eight subjects would revolve around
the cyclic pattern of preference for which they had
been pre-screened.8 The important implication for
the present Bayesian analysis is that not all of the 120
WST-consistent hypercubes are equally likely a priori
but instead, some, especially the ones close to the
cyclic pattern, would be much more likely to capture
the true state of nature than others. In particular,
the one that stands out is the permutation order ðabcdeÞ

that is consistent with the cyclic pattern with one
exception, that is, ake in the former but eka in the
latter. This is in fact the order which Tversky (1969)
assumed (for the most part) when he analyzed the
data using a chi-square test suggested by David Krantz.
Other permutation orders that might be considered
close to the cyclic pattern include ðbcdeaÞ and ðcdeabÞ:
Taking into account the strong ‘‘prior’’ expectation of
how the data would turn out, we constructed the three
models of WST, MST and SST, in Eq. (19) conditional
on a specific permutation order Z and tested them
accordingly.
8This is in fact what Tversky (1969, p. 34) found ‘‘. . . all violations
were in the expected direction, and almost all of them were in the

predicted locations’’.
3.3.3. Results and discussion of Bayesian model fit

analysis

Table 6 shows the results of model fit analysis
obtained assuming the same permutation order Z ¼

ðabcdeÞ for all eight subjects. For each subject, the first
row shows the number of violation counts for each
model out of ten possible triplet tests. The second row
shows mean DICs and standard deviations, based on ten
independent replications of Gibbs sampling. For each
subject, the model with lowest DIC is marked in bold.
When the data is examined in purest form assuming no
sampling error, every subject’s data reveal multiple
violations of WST, MST and SST.
According to Tversky (1969), frequentist likelihood

ratio tests comparing between M full and Mwst rejected
WST at a ¼ 0:05 for five subjects (Subjects 1–4 and 6)
and failed to reject WST for three subjects (Subjects 5, 7
and 8).
Results from the Bayesian analysis agree to a large

extent with Tversky’s own conclusions. For the first six
subjects, DIC selects the unrestricted model M full as the
best model with the lowest DIC value. For Subject 7’s
data, Msst is selected as the best model, despite the fact
that the axiom fails in nine of ten tests. For the data of
Subject 8, Msst has the lowest DIC value. Note that we
interpret the model with the lowest DIC value as ‘‘best’’
8 0 3 3 3

16:30� 0:16 14:43� 0:23 13:84� 0:19 8:33� 0:12

For each subject, the first row shows the number of violation counts

for each model. The second row shows mean DICs and standard

deviations, based on 10 independent replications of Gibbs sampling.

For each subject, the model with lowest DIC is marked in bold.
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simply because the model is judged to be closest, among
the four models, in the Kullback–Leibler sense, to the
underlying true state of nature, not because the model
has the highest probability of being true given data,
which may or may not be the case. As discussed earlier,
DIC does not address issues concerning the posterior
model probability.
We also analyzed Tversky (1969) data when a

possibly different preference order is assumed for
each subject. Table 7 show the results obtained under
the ‘‘best’’ order for each subject. Following Iverson
(1983), by the best order we mean that one that
maximizes the likelihood of the data. The orders
used in Table 7 were taken directly from Iverson
(1983, Table 3). Interestingly, Table 7 shows very similar
patterns of results as in Table 6. One notable exception
is the result for the data of Subject 8. Under the
preferred order ðabcedÞ those data reveal three viola-
tions of SST, and DIC selects Mmst as the best model.
This differs from the results based on the order ðabcdeÞ:
In the latter case there were also three violations of each
of MST and SST, and Msst was selected as the best
model (see Table 6).
We have demonstrated an application of the Bayesian

approach for testing three versions of stochastic
Table 7

Model fit analysis testing stochastic transitivity for Tversky’s (1969)

data assuming the ‘‘best’’ order Z for each subject, shown in the second
row in parentheses on the first column

Subject M full MwstðZÞ MmstðZÞ MsstðZÞ

1 0 7 10 10

Z ¼ ðbcdeaÞ 15:97� 0:25 23:63� 0:19 67:01� 2:20 57:26� 0:25

2 0 8 10 10

Z ¼ ðbcdeaÞ 16:49� 0:25 18:25� 0:20 46:59� 0:68 31:58� 0:36

3 0 5 10 10

Z ¼ ðabcdeÞ 16:35� 0:23 20:68� 0:13 72:47� 2:58 65:12� 0:30

4 0 5 8 8

Z ¼ ðcdebaÞ 16:00� 0:26 16:41� 0:18 27:91� 0:51 46:02� 0:18

5 0 7 8 8

Z ¼ ðdaebcÞ 16:26� 0:21 22:46� 0:17 49:02� 0:94 73:71� 0:19

6 0 6 9 10

Z ¼ ðeabcdÞ 16:25� 0:21 22:00� 0:20 69:21� 1:40 63:07� 0:25

7 0 3 5 8

Z ¼ ðadbceÞ 16:43� 0:31 11:98� 0:10 14:72� 0:22 11:32� 0:25

8 0 0 0 3

Z ¼ ðabcedÞ 16:29� 0:17 13:06� 0:21 10:69� 0:18 11:81� 0:20

For each subject, the first row shows the number of violation counts

for each model. The second row shows mean DICs and standard

deviations, based on 10 independent replications of Gibbs sampling.

For each subject, the model with lowest DIC is marked in bold.
transitivity in Tversky’s (1969) data. The conclusion
from our Bayesian analysis turns out to be largely in
agreement with earlier analyses based on the likelihood
ratio statistic. This agreement between the different
analyses is probably a reflection that the data are so
clear-cut that it does not matter what statistical method
was used to analyze the data.

3.4. Isotonic regression: making inferences about ordinal

relations between covariates

The Bayesian framework can also be applied to
testing specific hypotheses concerning order restrictions
on covariates. This is also referred to as the isotonic
regression problem (e.g., Barlow, Bartholomew, Brem-
ner, & Bunk, 1972; Robertson et al., 1988). In isotonic
regression, unlike the standard linear regression, only
order restrictions are imposed upon the shape of the
regression function, which maps a set of independent
variables called predictors or covariates onto a depen-
dent variable. For example, we might suppose that the
value of a regression function such as body weight is
monotonically increasing with respect to an independent
variable such as age, without committing ourselves to a
linear relation. The isotonic regression problem arises in
axiom testing. As illustrated above and again in the
following, the Bayesian approach is well-suited to
handle order restricted models.
We illustrate Bayesian isotonic regression with

Birnbaum’s (1999) data. In this study, an internet
experiment with 1212 subjects provided data to test
the stochastic dominance axiom as well as other axioms
such as independence and transitivity. The stochastic
dominance axiom states that a gamble should be
preferred or indifferent to another gamble whenever
the cumulative distribution function of the former
gamble nowhere exceeds that of the latter. Subjects
were asked to choose between money gambles that
varied in probability and value. Demographic profiles of
the subjects (e.g., age, education and gender) were also
collected. Among the findings reported by Birnbaum is
that 57% of the subjects violated stochastic dominance.
Obviously, one does not need statistical tests to affirm
these violations as significant. Birnbaum also noticed
what appear to be orderly effects of education and
gender on violations of the axiom. Table 8 shows the
data, which are reproduced here from Table 8 of
Birnbaum (1999).
In Table 8, the general trend of the data is that

violations of stochastic dominance tend to occur less
frequently for more educated subjects and also less
frequently for male subjects than female subjects.
Nevertheless, there are several exceptions to these
trends. The proportion of violations is higher for males
with High education than males with Medium High
education ð0:48740:477Þ; it is higher for females with
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Table 8

Proportions of subjects in Birnbaum (1999) who violated stochastic

dominance in relation to gender and education

Education High Med. High Med. Low Low

Gender (420 yr) (17–19 yr) (16 yr) (o16 yr)

Male 0.487 0.477 0.523 0.601

(0.416) (0.470) (0.527) (0.596)

Female 0.407 0.555 0.650 0.622

(0.463) (0.553) (0.622) (0.647)

For each cell, the observed proportion of violations of stochastic

dominance is shown. Shown in parentheses is the posterior mean

proportion estimated under the best generalizing model, M4 (see

Table 9).

9Jeffreys’ prior for a given model is defined in terms of the second

derivatives of the model’s log likelihood with respect to its parameters.

Jeffreys’ prior is non-informative in the sense that it assigns an equal

probability measure to each ‘‘different’’ probability distribution

indexed by the model’s parameters.
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Medium Low education than males with Low
ð0:65040:622Þ and finally, it is lower for females with
High education than males with High education
ð0:407o0:487Þ: Given the relatively small number of
exceptions (i.e., 3 out of 10 order predictions violate the
hypothesized trend), should we ignore them as inciden-
tal aberrations, or take them as casting doubt on the
hypothesis?
We constructed four statistical models, all with eight

parameters, which represent the choice probabilities for
the eight cells in Table 8. M1 is the baseline model with
no ordinal restrictions. M2 assumes that given an
education level, the probability of violating stochastic
dominance is higher for females than males, but no
order restrictions across education levels are assumed.
M3 assumes that given a gender, the probability of
violating stochastic dominance is monotonically increas-
ing as the level of education is decreased, but no order
restrictions are assumed across genders. Note that M2

and M3 are non-nested. Finally, M4 is the intersection
of M2 and M3 and it incorporates both gender and
education effects.
The model fit analysis for these four models are

summarized in Table 9. First of all, we note that all
Bayesian p-values are around 0.5. The implication is
that all four models are judged to be compatible with the
data. The unrestricted model, M1; fits best with its
goodness of fit ¼ 0:030: But the unrestricted model also
has the largest complexity penalty (pD ¼ 7:63) among
the four. In terms of generalizability, the model, M4;
which has the smallest complexity penalty (pD ¼ 3:93)
and thus is most constraining, turns out to be the best
model with its lowest DIC value of 11.8, as shown in the
last column of the table. Putting these results together,
we can conclude that the data support Birnbaum’s
order-restricted hypothesis involving effects of both
gender and education, and further, that the three
exceptions to the hypothesis in the data can be
attributed to sampling error.
4. Discussion

4.1. Extensions

Application of the Bayesian inference framework is not
limited to the class of models we concentrated on above.
The framework can be extended to handle other modeling
situations. Below we mention a few such extensions.

4.1.1. Parameter bounds

Other values of parameter thresholds can also be
employed, as they are often motivated from theory. For
instance, via binary choice probabilities one can induce a
binary relation �l defined as: a�l b iff Pða; bÞ4l for
0:5olo1: In terms of this binary relation, one can
generalize the notion of stochastic transitivity described
earlier but also prove several theorems concerning the
relations among various versions of stochastic transitivity in
a more general setting (Krantz, Luce, Suppes, & Tversky,
1990, pp. 336–339). Examples of other atypical ordinal
constraints include the form such as 0:75oy1; y2o1;
0:3py1p2y2py3p0:9; or even y3Xðmaxfy1; y2g þ 2Þ:
Ordinal constraints can even consist of a collection of
disjoint intervals rather than a single interval. Further, a
model’s parameters need not be completely ordered but,
rather, can be partially ordered, meaning that a subset of
the parameters have no ordinal relations among them.
Indeed, our Bayesian approach to axiom testing is

flexible enough to be applicable to practically all types
of ordinal constraints, including equality constraints for
a subset of parameters, such as y2 ¼ y3: All that is
required for the application of the Bayesian approach is
that for a given axiom, there must exist a unique
parameter space L that is a proper subset of the hyper-
cube O and captures the full scope of the axiom’s ordinal
restrictions. Once such parameter space is identified,
Bayesian axiom testing can be performed routinely using
Gibbs sampling (Gelfand et al., 1992).

4.1.2. Non-uniform priors

In all example applications discussed in the present
paper, we assumed a uniform prior for each parameter,
truncated according to the axiom being tested. Implicit in
this assumption is that prior to data collection, every value
of a parameter yi 2 ½0; 1� allowed by an axiom is equally
likely to produce data. This is not necessary and other
forms of the prior can be employed. A similar cumulative
distribution function to the one in Eq. (6) can be obtained
for many conjugate priors including beta density priors.
Examples of non-uniform priors include the Jeffreys’

prior9 (Jeffreys, 1961), which is reparametrization
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Table 9

Model fits of four isotonic regression models for Birnbaum (1999) data

Model Bayesian p-value DðhÞ (GOF) pD (complexity) DIC ð¼ GOFþ 2pDÞ

M1 (unrestricted) 0.52 0.030 7.63 15.3

M2 (gender effects only) 0.42 2.443 6.10 14.7

M3 (education effects only) 0.54 2.298 4.94 12.2

M4 (both gender and education effects) 0.46 3.912 3.93 11.8
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invariant,10 and the reference prior, which generalizes
the Jeffreys’s prior by distinguishing between nuisance
parameters and parameters of interest (Kass & Wasser-
man, 1996). These priors are non-informative in the
sense that no data information is built into their
formulation. Many approaches have been proposed
for constructing so called informative priors that
incorporate data information. These include empirical
Bayes methods (Carlin & Louis, 1996), the maximum
entropy approach (Robert, 2001, Chap. 3) and the
conditional mean approach (Bedrick, Christensen, &
Johnson, 1996). For a comprehensive treatment of this
and related topics on priors, see Robert (2001) and
Johnson and Albert (1999, p. 132).
4.1.3. Multinomial data

The particular Bayesian framework exemplified in the
present study pertains to binomial data. As is typically
done in axiom testing, each data point represents the
proportion of times one response is chosen over another.
The framework naturally extends to multinomial data.
In this latter case, the Dirichlet density family would be
a reasonable choice for parameter priors, especially
given that the Dirichlet prior is conjugate to the
multinomial likelihood function so that the posterior is
also a member of the Dirichlet family. Gelfand et al.
(1992) describe a Gibbs sampling routine for multi-
nomial data with an illustrative example.
4.1.4. Application beyond axiom testing

We have so far presented the Bayesian inference
framework in the context of testing measurement
axioms of decision-making theories with proportion
data. The framework is much more general than might
be suggested by this rather restrictive setting. Bayesian
methods apply equally well to assessing viability of any
models that are specified in terms of ordinal constraints
on the data, proportional or non-proportional. For
instance, the Bayesian procedure can be applied in the
10A prior is said to be reparametrization-invariant if the identical

prior is obtained regardless of the way the model equation is re-

written. For example, the two equations y ¼ expð�axÞ and y ¼ bx

describe the same model for they are related through the reparame-

trization b ¼ expð�aÞ:
testing of linear regression or ANOVA models that
make ordinal predictions on the dependent variable(s) as
a function of values of one or more independent
variables, as demonstrated in Section 3.4 for an isotonic
regression model with proportion data.

4.2. Relations to alternative approaches to ordinal

inference

4.2.1. Frequentist isotonic regression approach

Certain problems of axiom testing can also be
handled within the frequentist isotonic regression
approach. As mentioned in the Introduction, a well-
known example of this approach to ordinal inference is
the framework summarized in Barlow et al. (1972) and
also in Robertson et al. (1988). In this section we discuss
the pros and cons of the frequentist method in relation
to the Bayesian framework.
Briefly, isotonic regression within the frequentist

approach proceeds as follows. One first formulates two
models, M f (full model) and Mr (reduced model) in
which M f is the unrestricted model with no ordinal
constraints and Mr is the model that assumes the
ordinal constraints of interest. Note that Mr is nested
within M f : One then computes the likelihood ratio test
statistic defined as the ratio of the two maximum
likelihood estimates, one under Mr; the other under M f :
Finally, the sampling distribution of the likelihood ratio
is sought under the null hypothesis that the reduced
model Mr is correct; typically this distribution is found
to follow that of a mixture of familiar test statistics such
as chi-square, or F : From this distribution, which can be
very difficult to obtain, the null (model) hypothesis is
either retained or rejected based on the p-value of the
observed data.
In theory, any problem of axiom testing to which the

Bayesian framework is applicable can also be analyzed
from the isotonic regression framework. In practice,
however, there are two significant obstacles to over-
come for the implementation of isotonic regression
methods.
First, under arbitrary ordinal constraints on para-

meters, the required sampling distribution of the
likelihood ratio test statistic is, in detail, unknown.
Calculating the mixture weights is highly non-trivial. Of
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course, the mixture weights have been worked out on a
case by case basis for a variety of types of data and
specific order constraints. But, in general, finding the
sampling distribution of the likelihood ratio statistic for
arbitrary order restricted hypotheses has been a major
obstacle in applications (but see the following section on
bootstrap approach). In contrast, in the Bayesian
approach, the posterior distribution can be routinely
estimated using MCMC algorithms.
Second, isotonic regression is a null hypothesis

significance testing method that judges adequacy of a
model using p-values of the likelihood ratio statistic but
does not assess evidence for the model. As such, the p-
value merely measures whether observed data is
consistent with the model’s predictions, but it does not
furnish information about the model’s generalizability
or predictability for future samples from the same
underlying process. In other words, the method may be
appropriate for model evaluation but it is unsuitable for
model selection so a new method must be developed for
the latter purpose. One idea is to develop some sort of
stepwise likelihood ratio tests for a hierarchy of models
with progressively restrictive ordinal constraints, similar
to hierarchical multiple regression. This proves to be
infeasible, however; the sampling distributions of
successive test statistics are impossible to derive or are
undefined for models with arbitrary ordinal restrictions.
For example, between two models that assume the same
number of parameters but differ in the way ordinal
restrictions are put on the parameters, it is not clear
what should be the degrees of freedom of the likelihood
ratio statistic (e.g., Scheiblechner, 1999). In contrast, no
such problem arises when applying the Bayesian
approach.

4.2.2. Bootstrap approach

The bootstrap (Efron & Tibshirani, 1993) is a
computer-based tool for obtaining the sampling dis-
tribution of a test statistic. The basic idea behind
this non-parametric frequentist method is to estimate
the sampling distribution by repeatedly drawing samples
from the original sample. Each bootstrap sample is
obtained by randomly sampling with replacement

from the original data sample, in effects treating the
original sample as if it is the underlying population. In
this way, the bootstrap can be used to obtain an
empirical estimate of the sampling distribution of an
order statistic. For example, Geyer (1991) applied a
bootstrap method to estimate the sampling distribution
of the likelihood ratio statistic for order restricted
hypotheses. Recently, Ho, Regenwetter, Niederée, and
Heyer (2005) used the bootstrap to estimate the
standard error of the number of violations of the
consequence monotonicity axiom. Karabastos (2003, in
press) introduced a Bayesian bootstrap method for
testing additive conjoint measurement axioms. The
Bayesian bootstrap (Rubin, 1981) is a Bayesian exten-
sion of the standard bootstrap.
One of the attractive features of the bootstrap is its

ease of use. All that is required of its implementation is a
random number generator running on computer. An-
other attractive feature of the bootstrap is its generality.
The bootstrap can be used to estimate the sampling
distribution of any well-defined statistic of the data
sample (at least in theory) whether it is the likelihood
ratio or the number of axiom violations. The bootstrap,
however, is not without problems. The bootstrap does
not have finite sample properties in that it often gives
biased estimates of sampling distributions for finite
samples. In such situations, the method cannot be
applied without appropriate modification. In a sense,
the bootstrap is ‘‘a fairly crude form of inference’’ that is
used when it is not possible or desirable to carry out
more extensive parametric modeling, which usually
gives a ‘‘stronger’’ inference than the bootstrap (Efron
& Tibshirani, 1993, p. 395).

4.3. Challenges and future work

The Gibbs sampling algorithm that the present study
implements, samples directly from constrained full
conditional distributions so no samples are wasted.
One drawback of the algorithm is that it requires
the specification for each parameter, say yi; possibly
multiple disjoint intervals on which the prior has
non-zero mass, conditioned upon the current values
of the remaining parameters at iteration t,
fy1ðtÞ; . . . ; yi�1ðtÞ; yiþ1ðtÞ; . . . ; ykðtÞg: When the ordinal
constraints on the parameters are uncomplicated,
finding the required intervals is straightforward and
even trivial, for instance, as in the monotonic linear
constraint 0oy1o � � �oyko1: On the other hand,
certain ordinal constraints may yield a highly convo-
luted region of parameter space so that it is non-trivial
to identify the interval(s) for a parameter given the
values of other parameters. This can often arise for
axioms with non-linear order constraints and/or for
data obtained using within-subject designs.
To illustrate, consider a choice experiment in which

subjects are asked to choose between pairs of gambles,
and further, for simplicity, suppose that only two pairs
of gambles are presented in the entire experiment.
Shown in Table 10 are the four choice probabilities
representing preferences in this within-subject experi-
ment. In the table, the first parameter, y1; denotes the
probability of a subject choosing gamble A over gamble
B given choice pair I and at the same time choosing
gamble C over gamble D given choice pair II. The
second parameter, y2; denotes the probability of a
subject choosing gamble B over gamble A given choice
pair I and choosing gamble C over gamble D given
choice pair II. The other two parameters, y3 and y4; are
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Table 10

Choice probabilities representing preferences with two choice pairs in a

within-subject design

Choice                           Pair I
A B

Choice Pair II C �1 �2

�3 �4D

y1; for example, denotes the probability of a subject choosing gamble
A over gamble B given choice pair I and also choosing gamble C over

gamble D given choice pair II. Note that the four probabilities sum to

one (i.e., y1 þ y2 þ y3 þ y4 ¼ 1).
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Fig. 2. The dark lined area represents a two-dimensional projection of

the three-dimensional constrained space defined by the inequality

conditions in Eq. (20), projected onto the two-dimensional ðy1; y3Þ
plane at a fixed value of y2 ¼ 0:1:
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defined similarly. Note that the sum of the four
probability parameters is equal to one (i.e.,
y1 þ y2 þ y3 þ y4 ¼ 1) so there are only three indepen-
dent parameters.
Now, suppose that we are interested in testing a

(hypothetical) axiom that makes testable predictions for
the gamble pairs employed in the experiment. Specifi-
cally, the axiom prescribes that gamble A be preferred to
gamble B for choice pair I, and further, that gamble C
be preferred to gamble D for choice pair II. These
predictions can be translated into order restrictions on
the four parameters as follows: (a) y1 þ y240:5 and (b)
y1 þ y340:5: In addition to these two constraints
involving marginal probabilities, the nature of the
experimental design dictates another constraint given
in terms of conditional probabilities. Specifically, given
the within-subject experiment, the same axiom implies
that the conditional probability of a subject choosing
gamble C over gamble D for choice pair II given that the
subject has already chosen gamble A over gamble B for
choice pair I should be higher than the unconditional
probability of the subject choosing gamble C over
gamble D for choice pair II. This prediction is translated
into the following, additional ordinal restriction: (c)
y1=ðy1 þ y3Þ4ðy1 þ y2Þ:
Solving the three ordinal constraints, (a)–(c), results in

a rather complicated parameter space defined by the
following inequality conditions:

ðaÞ y140:5� y2,

ðbÞ y340:5� y1,

ðcÞ y14ðy1 þ y3Þðy1 þ y2Þ. ð20Þ

In Fig. 2, the darkened area represents a two-
dimensional projection of the three-dimensional con-
strained space defined by Eq. (20), projected onto the
ðy1; y3Þ plane at a fixed value of y2 ¼ 0:1: As can be seen
in the figure, the constrained region is of highly non-
linear shape. As such, finding the lower and upper
bounds of an interval within the region of a given
parameter conditioned upon the values of the other two
parameters, which is required to implement the Gibbs
sampling algorithm (Gelfand et al., 1992) is a tricky,
though not impossible task.
For the above particular case with three parameters,

we are able to identify the desired conditioned intervals
by simultaneously solving the inequality equations.
However, if an axiom is specified in terms of many
such non-linear inequalities and equations for a
relatively large number of parameters (e.g., 410), the
required conditioned intervals might be impossible to
obtain. In such cases, one must instead rely on the
earlier mentioned ‘‘draw-and-test’’ sampling method or
other Markov chain Monte Carlo (MCMC) methods
like the Metropolis–Hasting algorithm (Gilks, Richard-
son, & Spiegelhalter, 1996). A price to pay with these
alternatives is low efficiency, in that the probability of
accepting candidate samples is less than 1 and can even
be close to 0. Further, non-Gibbs sampling algorithms
require fine-tuning of ‘‘adjustment’’ parameters like the
shape and variance of what is called the jumping
distribution. In future work, we plan to explore other
sampling algorithms for axiomatic models, for which
Gibbs sampling is not directly applicable.
5. Conclusion

We have introduced a Bayesian framework in which it
is possible to conduct thorough tests of model axioms in
noisy data, thereby giving a solution to the second part
of Problem 2 of Luce and Narens (1994). The Bayesian
inference framework is not only theoretically well-
justified but also flexible enough to handle virtually all
types of probabilistic axioms. A variety of inference
questions that arise in axiom testing, including global
evaluation of model fit, individual tests, confidence
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intervals, hypothesis testing, evaluation of axiom
strength, and model selection, can be answered within
the framework in a unified manner, a feat that would be
either infeasible or carried out in an ad-hoc manner in
the classical, frequentist framework.
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Appendix A

To illustrate the Gibbs sampler, consider the simple
example where an axiom m implies the monotonic
ordinal constraint 0py1py2py3p1: See Fig. 1 for a
three-dimensional representation of the parameter space
Lm for this axiom. Using Eq. (7), the following
illustrates a Gibbs sampler that generates the samples
t ¼ 1; . . . ;T from the posterior distribution
pðy1; y2; y3jnÞ: For the following, note that Fið0Þ ¼ 0
and Fið1Þ ¼ 1:

Gibbs Sampling Algorithm
�
 Step0: Set t ¼ 0 and initialize with an arbitrary value
hðt¼0Þ ¼ ðyð0Þ1 ; yð0Þ2 ; yð0Þ3 Þ 2 Lm:
�
 Step1: Set t ¼ t þ 1:

�
 Step2: Perform the following three sub-steps to obtain
iteratively the sample hðtÞ ¼ ðyðtÞ1 ; yðtÞ2 ; yðtÞ3 Þ given

hðt�1Þ ¼ ðyðt�1Þ1 ; yðt�1Þ2 ; yðt�1Þ3 Þ:

� Step2:1: Draw yðtÞ1 ¼ F�1
1 ½F1ð0Þ þ u

ðtÞ
1 ðF1ðy

ðt�1Þ
2 Þ �

F1ð0ÞÞ�:
� Step2:2: Draw yðtÞ2 ¼ F�1

2 ½F2ðy
ðtÞ
1 Þ þ u

ðtÞ
2 ðF2ðy

ðt�1Þ
3 Þ �

F2ðy
ðtÞ
1 ÞÞ�:

� Step2:3: Draw yðtÞ3 ¼ F�1
3 ½F3ðy

ðtÞ
2 Þ þ u

ðtÞ
3 ðF3ð1Þ �

F3ðy
ðtÞ
2 ÞÞ�;
where u
ðtÞ
i is each independent random sample draw

from [0,1] at iteration t.

�
 Step3: Repeat Steps 1 and 2 until t ¼ T :
In the above description of the algorithm, we assumed a

fixed updating order for the values of fyðtÞ1 ; yðtÞ2 ; yðtÞ3 g;

though random permutations (e.g., fyðtÞ2 ; yðtÞ1 ; yðtÞ3 g) of the

updating order are also acceptable (Gilks et al., 1996,
p. 12). Obviously, the algorithm can be adapted to
handle any finite number of parameters k; and to handle
simpler cases where a parameter is constrained to be to
an interval with simpler numerical parameter con-
straints (e.g., yiX0:7 or yip0:4). See, for example, the
Gibbs algorithm of Karabatsos and Sheu (2002) that
estimates parameters under the order-constraints im-
plied by the independence axioms of conjoint measure-
ment theory. For similar algorithms applied to other
axioms, see, for example, Karabatsos (2001a) and
Karabatsos and Ullrich (2002).
Appendix B

In this appendix we describe the ordinal con-
straints that define each of the 120 WST-consistent
halfcubes. The order constraints for MST and SST are
also given.
We first note that each halfcube is identified by a

permutation of five gambles fa; b; c; d; eg denoted by Z ¼

ðZ1 . . . Z5Þ: For example, permutation Z ¼ ðbcdeaÞ is
defined by Z1 ¼ b; Z2 ¼ c; Z3 ¼ d; Z4 ¼ e and Z5 ¼ a:
Given permutation Z; the corresponding 10 parameters
that represent choice probabilities between pairs of
gambles are defined as follows:
Gamble
 Z1
 Z2
 Z3
 Z4
 Z5
Z1
 —
 f1ðZÞ
 f5ðZÞ
 f8ðZÞ
 f10ðZÞ

Z2
 —
 f2ðZÞ
 f6ðZÞ
 f9ðZÞ

Z3
 —
 f3ðZÞ
 f7ðZÞ

Z4
 —
 f4ðZÞ

Z5
 —
where the parameter f1ðZÞ is defined as the probability
of choosing gamble Z1 over gamble Z2; and so on. Note
that the parameter vector /ðZÞ ¼ ðf1ðZÞ; . . . ;f10ðZÞÞ for
the identity permutation Z� ¼ ðabcdeÞ reduces to the
original parameter vector h ¼ ðy1; . . . ; y10Þ defined in
Table 5 such that fiðZ

�Þ ¼ yi; ði ¼ 1; . . . ; 10Þ:
The ordinal constraints on fðZÞ for WST, MST and

SST are as follows:

WST: 0:5pfiðZÞp1; i ¼ 1; . . . ; 10,

http://myung.1@osu.edu
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MST:

0:5pfiðZÞp1; i ¼ 1; 2; 3; 4

fjðZÞXminðfj�4ðZÞ;fj�5ðZÞÞ; j ¼ 5; 6; 7

fkðZÞXmax½minðfk�7ðZÞ;fk�2ðZÞÞ;

minðfk�3ðZÞ;fk�5ðZÞÞ�; k ¼ 8; 9

f10ðZÞXmax½minðf1ðZÞ;f9ðZÞÞ;

minðf5ðZÞ;f7ðZÞÞ;minðf8ðZÞ;f4ðZÞÞ�

0
BBBBBBBBB@

1
CCCCCCCCCA
,

SST:

0:5pfiðZÞp1; i ¼ 1; 2; 3; 4

fjðZÞXmaxðfj�4ðZÞ;fj�5ðZÞÞ; j ¼ 5; 6; 7

fkðZÞXmax½maxðfk�7ðZÞ;fk�2ðZÞÞ;

maxðfk�3ðZÞ;fk�5ðZÞÞ�; k ¼ 8; 9

f10ðZÞXmax½maxðf1ðZÞ;f9ðZÞÞ;

maxðf5ðZÞ;f7ðZÞÞ; maxðf8ðZÞ;f4ðZÞÞ�

0
BBBBBBBBB@

1
CCCCCCCCCA
.

The above ordinal constraints can be re-expressed in
terms of ðy1; . . . ; y10Þ using the one-to-one map between
elements of the two parameter vectors. Thus, for
permutation Z ¼ ðbcdeaÞ; f1ðZÞ is the probability of
choosing gamble Z1 ¼ b over gamble Z2 ¼ c; and there-
fore corresponds to y2: Similarly, for the same permuta-
tion, we note f2ðZÞ ¼ y3; f4ðZÞ ¼ 1� y10; and
f10ðZÞ ¼ 1� y1; for example.
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