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Introduction

The question of how one should choose among competing explanations (models) of observed data is at
the core of science. Model comparison is ubiquitous and arises, for example, when a toxicologist must
decide between two dose-response models or when a biochemist needs to determine which of a set of
enzyme-kinetics models best accounts for observed data.

Over the decades, a number of criteria that are thought to be important for model comparison
have been proposed (e.g., Jacobs & Grainger, 1994). They include (a) falsifiability (Popper, 1959):
whether there exist potential observations that are incompatible with the model; (b) explanatory
adequacy: whether the theoretical account of the model helps to make sense of observed data but also
established findings; c) interpretability: whether the components of the model, especially its parameters,
are understandable and are linked to known processes; (d) faithfulness: whether the model’s ability to
capture the underlying regularities comes from the theoretical principles the model purports to implement,
not from the incidental choices made in its computational instantiation; (e) goodness of fit: whether the
model fits the observed data sufficiently well; (f) complexity or simplicity; whether the model’s
description of observed data is achieved in the simplest possible manner; and (g) generalizability: whether
the model provides a good prediction of future observations. 

Although each one of these seven criteria is important in its own way, modern statistical
approaches to model comparison consider only the last three (goodness of fit, complexity,
generalizability), largely because they lend themselves to quantification. The other four criteria have yet
to be formalized and it is not clear how some even could be or should be (e.g., interpretability).

The purpose of this chapter is to provide a tutorial on state-of-the-art statistical model comparison
methods. We walk the reader through the reasoning underlying their development so that how and why a
method performs as it does can be understood. The chapter is written for researchers who are interested in
computational modeling but are primarily involved in empirical work. We begin by discussing the
statistical foundations of model comparison.

Statistical Foundations of Model Comparison
Notation and Definition
Statistically speaking, the data vector y = (y1,...,ym) is a random sample from an unknown population,
which represents the underlying regularity that we wish to model. The goal of modeling is to identify the
model that generated the data. This is not in general possible because information in the data sample itself
is frequently insufficient to narrow the choices down to a single model. To complicate matters even more,
data are inevitably confounded by random noise, whether it is sampling error, imprecision of the
measurement instrument, or the inherent unreliability of the data collection procedure. It is usually the
case that multiple models could have generated a single data sample.

In the field of engineering, this situation is referred to as an ill-posed problem because any
solution (i.e., model) is not unique given what the data tell us about the underlying regularity. The
statistician’s way of dealing with ill-posedness is to use all of the information available (i.e., knowledge
about the model and the data together) to make a best guess as to which model most likely generated the
data. Stripped bare, model selection is an inference game, with selection  methods differing in their rules
of play.

Formally, a model is defined as a parametric family of probability distributions. Each distribution
is indexed by the model’s parameter vector w = (w1,...,wk) and corresponds to a population. The
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probability (density) function, denoted by f(y|w), specifies the probability of observing data y given the
parameter w. Given the fixed data vector y, f(y|w) becomes a function of w and is called the likelihood
function denoted by L(w). For example, the likelihood function for binomial data is given by

where k is the number of conditions in an experiment, ni is the sample size or the number of Bernouilli
trials (e.g., dichotomous observations, such as success or failure of a medical treatment, made ni times),
and wi, as an unknown parameter, represents the probability of success on each trial, and yi ( = 0,1, ..., ni)
is the number of actually observed successes.

Given a data sample, a model’s descriptive adequacy is assessed by finding parameter values of
the model that best fit the data in some defined sense. This procedure, called parameter estimation, is
carried out by seeking the parameter vector w* that maximizes the likelihood function L(w) given the
observed data vector y – a procedure known as maximum likelihood estimation. The resulting maximized
likelihood (ML) value, L(w*), defines a measure of the model’s goodness of fit, which represents a
model’s ability to fit a particular set of observed data. 

Other examples of goodness-of-fit measures include the minimized sum of squared errors (SSE)
between a model’s predictions and observations, the proportion variance accounted for or otherwise
known as the coefficient of determination r2, and the mean squared error (MSE) defined as the square root
of SSE divided by the number of observations. Among these, ML is a standard measure of goodness of
fit, most widely used in statistics, and all of the model comparison methods discussed in the present
chapter were developed using ML. In the rest of the chapter, goodness of fit will refer to maximized
likelihood.

A Good Fit can be Insufficient and Misleading
Models are often compared based on their goodness of fit. That is, among a set of models under
comparison, the scientist chooses the model that provides the best fit (i.e., highest ML value) to the
observed data. The justification for this choice may be that the model best fitting the data is the one that
does a better job than its rivals of capturing the underlying regularity. Although intuitive, such reasoning
can be unfounded because a model can produce a good fit for reasons that have nothing to do with its
ability to approximate the regularity of interest, as will be described below.

Selecting among models using a goodness-of-fit measure would make sense if data were free of
noise. In reality, however, data are not “pure” reflections of the population of interest, as mentioned
above. Noisy data make the task of inferring the underlying model difficult because what one is fitting is
unclear: Is it the regularity, which we care about, or the noise, which we do not? Put another way,
goodness of fit can be decomposed conceptually into two separate terms as follows:

We are interested only in the first of these, fit to regularity, but any goodness-of-fit measure contains a
contribution from the model’s ability to fit random error as well as its ability to approximate the
underlying regularity. The problem is that both quantities are unknown because when fitting a data set,
we obtain the overall value of their sum, that is, a single goodness of fit. This is why a good fit can be
misleading. In the worst case, a good fit can be achieved by a model that is extremely good at fitting noise
yet a poor approximation of the regularity being modeled. In the next section we describe how this state
of affairs can come about. The remainder of the chapter then focuses on how to correct it.

Model Complexity and Why it Matters
It turns out that a model’s ability to fit random noise is closely correlated with the complexity of the
model. Intuitively, complexity (or flexibility) refers to the property of a model that enables it to fit diverse
patterns of data. For example, a model with many parameters is more complex than a model with few
parameters. Also, two models with the same number of parameters but different forms of the model
equation (e.g., ) can differ in their complexity (Myung, 2000; Pitt, Myung2

1 2 1and wy w x w y w x= + =
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Figure 1. An illustration of the relationship between goodness of fit and
generalizability as a function of model complexity. The y axis represents
any fit index, where a larger value indicates a better fit (e.g., percent
variance accounted for). The three smaller graphs provide a concrete
example of how fit improves as complexity increases. In the left graph,
the model (line) is not complex enough to match the complexity of the
data (dots). The two are well matched in complexity in the middle graph,
which is why this occurs at the peak of the generalizability function. In
the right graph, the model is more complex than the data, capturing
microvariation due to random error. Reprinted from Pitt and Myung
(2002). 

& Zhang, 2002). Generally speaking, the more complex the model, the more easily it can absorb random
noise, thus increasing its fit to the data without necessarily increasing its fit to the regularity. That is, too
much complexity is what causes a model to fit noise. The relationship between goodness of fit and
complexity is illustrated in the three small graphs in Figure 1. The data are the dots and the lines the
models. The model on the left is least complex; that on the right is most complex. Complexity is what
enables the model in the lower right graph to fit the data better than the less complex models in the left
and middle graphs. In fact one can always improve goodness of fit by increasing model complexity, such
as adding more parameters. This is portrayed by the top curve in the large graph. An implication of this
spurious phenomenon is that an overly complex model can provide a better fit than a simpler model even
if the latter generated the data. That is, the more complex model will over-fit the data.

Over-fitting is illustrated in Table I using four dose-response models in toxicology (Sand et al,
2002). Simulated data varying in three sample sizes were generated from model M2, which is considered
the “true” model in the sense that it generated the data. In each test, a thousand samples were generated
and sampling error was added to each data set. The model M2, as well as three other models differing in
complexity, were fitted to these data. The first row under each sample-size condition in the Table shows
the percentage of samples in which the particular model fitted the data best using the goodness-of-fit
measure ML. First consider the results obtained with a small sample size of n = 20. M1, with only one
parameter, is clearly inadequate to capture the main trend in the data and thus never fitted the data best. It
is analogous to the left-hand model in Figure 1 and is an example of under-fitting. Next consider the
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results for M3 and M4, which, with one extra parameter than M2, are more complex than M2. They
provided a better fit much more often (62% and 23%) than the true model, M2 (15%), even though M2
generated the data. This is because the one extra parameter in the models enabled them to absorb
sampling error above and beyond the underlying regularity. These models are analogous to the right-hand
model in Figure 1. Importantly also, note that M3 provided a better fit more often than M4, despite the fact
that both have the same number of parameters (3). This difference in fit between the models is due to the
effects of the functional form dimension of model complexity. As can be seen in the middle and lower
portions of the Table, over-fitting persisted even for a relatively large sample size of n = 100, before it all
but disappeared when sample size was increased to an unrealistic level of n = 5000.

TABLE I.  Goodness of Fit and Generalizability of Models Differing in Complexity

Number of
parameters

 M1  M2 (true)  M3  M4

  1   2   3  3

 Sample size: n = 20

Goodness of fit  0  15  62  23

Generalizability  15  46  22  17

 Sample size: n = 100

Goodness of fit  0  31  56  13

Generalizability  0  64  27  9

 Sample size: n = 5000

Goodness of fit  0  96  4  0

Generalizability  0  98  2  0
Note: The percentage of samples in which the particular model fitted the data best. The four models are
as:    1M : 1 exp( 0.1 ),y ax= − − − 2M : 1/(1 exp( )),y a bx= + − 3M : (1 )(1 exp( )),by c c ax= + − − −

 where a, b > 0 and 0 < c <1. A thousand pairs of samples were generated4M : (1 ) /(1 )by c c ax−= + − +
from M2 (true model) using a = 2 and b = 0.2 on the sample 10 points for (x1, ..., x10) = (0.001, 1, 2, 4, 7, 10,
13, 16, 20, 30). For each probability, a series of n (= 20, 100, or 5000) independent binary outcomes (0 or 1)
were generated according to the binomial probability distribution. The number of ones in the series was
summed to obtain an observed count being denoted by yi (i= 1,...,10). This way each sample consisted of 10
observed counts. Goodness of fit was evaluated by each model’s maximized likelihood and generalizability
was estimated through cross-validation described in the text.

These simulation results should highlight the dangers of selecting models using only a goodness-
of-fit measure. The potential exists for choosing the wrong model, which makes goodness-of-fit risky to
use as a method of model selection.

Generalizability: A Solution that Embodies Occam’s Razor
Returning to Eq. (2), a model’s ability to fit the regularity in the data, represented by the first term on the
right-hand side of the equation, defines its generalizability. Generalizability, or  predictive accuracy,
refers to how well a model predicts the statistical properties of future, as yet unseen, samples from a
replication of the experiment that generated the current data sample. That is, when a model is evaluated
against its competitors, the goal should be not to assess how much better it fits a single data sample, but
how well it captures the process that generated the data. This is achieved when generalizability, not
goodness of fit, is the goal of model selection.
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1 This method of estimating generalizability is known as cross-validation and is discussed in the next
section. It is used in this example because of its simplicity. We have found that it performs poorly compared to
more sophisticated measures like MDL and BMS.

[ ]: ( , ) , ( ( )) ( )*w y y yT T M T M TGeneralizability E D f f D f f f d = =  ∫ (3)

Statistically speaking, generalizability is defined in terms of a discrepancy function that measures
the degree of approximation or dissimilarity between two probability distributions (Linhart & Zucchini,
1986). Specifically, a discrepancy between two distributions, f and g, is any well-behaved function, D(f,
g), that satisfies D(f,g) $ D(f, f) = 0 for f …g. The larger the value of D(f,g), the less one probability
distribution approximates the other. The following equation gives a formal definition of generalizability
of a given model fM: 

In the equation, fT represent the probability distribution from which all data are generated (i.e., true
model), and  fM(w*(y)), as a member of the model family under investigation, is the best-fitting
probability distribution given a data vector y, and thus represents a goodness of fit measure. According to
the above equation, generalizability is a mean discrepancy between the true model and the model of
interest, averaged across all data that could possibly be observed under the true model.

Whereas goodness of fit is monotonically related to complexity, the relationship between
generalizability and complexity is not so straightforward. An illustration of this is shown in Figure 1.
Generalizability increases positively with complexity only up to the point where the model is optimally
complex to capture the regularities in the data. Any additional complexity beyond this point will cause
generalizability to diminish as the model begins to over-fit the data by absorbing random noise. Shown in
the middle inset is the model with the highest generalizability. It captures the main trends in the data, but
little if any of the random fluctuations of the points that in all likelihood are due to sampling error. In
short, a model must be sufficiently complex to capture the underlying regularity yet not too complex to
cause it to over-fit  the data and thus lose generalizability. 

The improvements gained by using generalizability in model selection are shown in Table I.
Generalizability was assessed using two independent data samples. Each model was fitted to the first
sample to obtain the best-fitting parameter values. The resulting fit defines the model’s goodness of fit, as
shown in the first row under each sample-size condition. Next, with the best-fitting parameters of each
model fixed, the models were fitted to the second data sample. The quality of this second fit is a measure
of generalizability known as Cross Validation.1

The second row under each sample-size condition in the Table shows the percentage of samples
in which the particular model generalized the best. Comparison with the goodness-of-fit row reveals that
an overly complex model (e.g., M3) generalizes poorly (22% for n = 20 and n = 27% for n = 100) whereas
the simpler, true model (e.g., M2) generalizes better (46% for n = 20 and n = 64% for n = 100). This
example demonstrates that the cost of a model’s superior fit to a particular data sample can result in a loss
of generalizability when fitted to new data samples generated by that same process. This is because the
model’s fit to the first sample was far too good, absorbing random error in the data, not just the regularity.

To reiterate, in model comparison, one would like to choose the model, among a set of competing
models, that maximizes generalizability. Unfortunately, generalizability is not directly observable because
noise always distorts the regularity of interest. Generalizability, therefore, must be estimated from a data
sample. It is achieved by weighting a model’s goodness of fit relative to its complexity. An overly
complex model is penalized to the extent that the extra complexity merely helps the model fit the random
error, as illustrated in the right inset in Figure 1. Generalizability is viewed as a formal implementation of
Occam’s razor: Goodness of fit is traded off with complexity. A number of generalizability measures that
implement this basic principle have been developed and are discussed in the next section. 

Model Comparison Methods
Measures of generalizability
The foremost goal of model comparison is achieving good generalizability by striking the right balance
between two opposing pressures, goodness of fit and complexity. In this section we introduce five
representative measures of generalizability that achieve this balance. They are the Akaike Information
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Criterion (AIC; Akaike, 1973; Bozdogan, 2000), the Bayesian Information Criterion (BIC; Schwarz,
1978),  minimum description length (MDL; Rissanen, 1983, 1996; Grunwald, 2000; Hansen & Yu, 2001),
cross-validation (CV; Stone 1974; Browne, 2000), and finally, Bayesian model selection (BMS; Kass &
Raftery, 1995; Wasserman, 2000). For a  comprehensive treatment of these and other comparison
methods, the reader is directed to a special issue of the Journal of Mathematical Psychology (Myung,
Forster & Browne, 2000) and Burnham and Anderson (2002).

The five model comparison criteria are defined as follows:

 

where ln L(w*) is the natural logarithm of the model’s maximized likelihood, k is the number of
parameters of the model, n is the sample size. Also in the above equation, B(w) is the parameter prior
density and I(w) is the Fisher information matrix in mathematical statistics (e.g., Schervish, 1995), the
hard bracket |..| denotes the determinant of a matrix, and finally, yval and ycal are defined later when
discussing the CV criterion. These comparison methods prescribe that the model minimizing the given
criterion should be preferred.

AIC, BIC and MDL
For AIC, BIC and MDL, the first term represents a lack of fit measure and the remaining terms represent
a model complexity measure. Each criterion defines complexity differently. AIC considers the number of
parameters (k) as the only relevant dimension of complexity whereas BIC considers sample size (n) as
well. In MDL, the second and third terms together represent a complexity measure. The second term of
MDL is essentially the same as that of BIC. It is the third term that is unique in MDL, and it accounts for
the effects of complexity due to functional form. Functional form is reflected through the Fisher
information matrix I(w). To grasp this, note that the matrix I(w) is defined in terms of the second
derivative of the log-likelihood function {ln L(w)}, the value of which depends upon the form of the
model equation, for instance, whether  .2

1 2 1or wy w x w y w x= + =
Why are there such different measures of generalizability (AIC, BIC, MDL)? How do they differ

from one another and in what sense? AIC was derived as a large sample approximation of the discrepancy
between the true model and the fitted model in which the discrepancy is measured by the Kullback-Leiber
distance (Kullback & Leibler, 1951). As such, AIC purports to select the model, among a set of candidate
models, that is closest to the truth in the Kullback-Leibler sense. BIC has its origin in Bayesian statistics
and seeks the model that is “most likely” to have generated the data in the Bayesian sense. BIC can be
seen as a large sample approximation of a quantity related to BMS, which is discussed below. Finally,
MDL originated from algorithmic coding theory in computer science. The goal of MDL is to select the
model that provides the shortest description of the data in bits. The more the model is able to compress
the data by extracting the regularities or patterns in it, the better the model’s generalizability because
these uncovered regularities can then be used to predict accurately future data. As noted earlier, unlike
AIC and BIC, MDL considers the functional form of a model,  and thus is designed for comparing models
that differ along this dimension.  Given this additional sensitivity, MDL is expected to perform more
accurately than its two competitors. The price to pay for MDL’s superior performance is the
computational challenge in its calculation; the evaluation of the integral term generally requires use of
numerical integration techniques (e.g., Gilks, Richardson & Spiegelhalter, 1996).  

Cross-validation (CV)
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CV is a sampling-based method in which generalizability is estimated directly from the data without an
explicit consideration of model complexity. The method works as follows. First, the observed data are
split into two sub-samples of equal size. We then fit the model of interest to the first, calibration sample
(ycal) and find the best-fitting parameter values, denoted by w*(ycal). With these values fixed, the model is
fitted to the second, validation sample (yval). The resulting fit of the model to the validation data yval
defines the model’s generalizability estimate.  

CV can easily be implemented using any computer programming language as its calculation does
not require sophisticated computational techniques, in contrast to MDL. CV’s ease of use is offset by the
unreliability of its generalizability estimate, especially for small sample sizes. On the other hand, unlike
AIC and BIC, CV takes into account the functional form effects of complexity, although the implicit
nature of CV makes it difficult to discern how this is achieved.

Bayesian Model Selection (BMS)
BMS, a sharper version of BIC, is defined as the minus marginal likelihood. The marginal likelihood is
the probability of the observed data given the model, averaged over the entire range of the parameter
vector and weighted by the parameter prior density B(w). As such, BMS aims to select the model with the
highest mean likelihood of the data. The often cited Bayes factor (Kass & Raftery, 1995) is a ratio of
marginal likelihoods between a pair of models being compared. As in other Bayesian methods, the prior
B(w) in the marginal likelihood is to be determined by utilizing available information (i.e., informative
priors) or otherwise as a non-informative prior such as a uniform density (Kass & Wasserman, 1996).

BMS does not yield an explicit measure of complexity though complexity is taken into account
and is hidden in the integral. It is through the integral that the functional form dimension of complexity,
as well as the number of parameters and the sample size, is reflected. It is also the integral that makes it
non-trivial to implement BMS. As in MDL, the integral in BMS must be evaluated numerically.

Among the five comparison methods discussed above, BMS and MDL represent state-of-the-art
techniques that will generally perform more accurately across a range of modeling situations than the
other three criteria (AIC, BIC, CV). On the other hand, the latter three are attractive given their ease of
use, and are likely to perform adequately under certain circumstances. In particular, if the models being
compared do differ in number of parameters and further, sample size is sufficiently large, then one may be
able to use AIC or BIC with confidence instead of the more sophisticated BMS and MDL.

Relations to Generalized Likelihood Ratio Test
Although the generalized likelihood ratio test (GLRT) is often used to test the adequacy of a model in the
context of another model, it is not an appropriate method for model comparison. In this section we briefly
comment on GLRT and its relation to the model comparison methods discussed above. The generalized
likelihood ratio test (Wilks, 1938; Johnson & Wichern, 1998) is a null hypothesis significance test and is
based on the G2 statistic defined as:

In the equation MLA/MLB is a ratio of the maximized likelihoods of two nested models, A and B, with A
being nested within B. A model is said to be nested within another if the latter yields the former as a
special case. For instance, y = w1x is nested within y = w1x + w2x2.

The sampling distribution of G2 under the null hypothesis that the reduced model A holds follows
a P2-distribution with df = kB - kA where kB and kA are the numbers of free parameters of models B and A,
respectively. When the null hypothesis is retained (i.e., the p-value does not exceed the alpha level), the
conclusion is that the reduced model A provides a sufficiently good fit to the observed data and therefore
the extra parameters of the full model B unnecessary. If the null hypothesis is rejected, one concludes that
model A is inadequate and the extra parameters are necessary to account for the observed data. 

There are several crucial differences between GLRT and the five model comparison methods.
First and importantly, GLRT does not assess generalizability, which is the goal of model comparison.
Rather, it is a hypothesis testing method that simply judges descriptive adequacy of a given model. (For
contemporary criticisms of null hypothesis significance testing, see, e.g., Berger & Berry, 1998; Cohen,
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1994). Even if the null hypothesis is retained under GLRT, the result does not necessarily indicate that
model A is more likely to be correct or generalize better than model B, or vice versa. Second, GLRT
requires the nestedness assumption hold of the two models being tested. In contrast, no such assumptions
is required for the five comparison methods, making them much more versatile. Third, GLRT was
developed in the context of linear regression models with normally-distributed error, further restricting its
use. GLRT is also inappropriate for testing non-linear models and models with non-normal error. Again,
no such restrictions are imposed on the preceding model comparison methods. In short, given its limited
applicability and narrow interpretability, GLRT is a poor method of  model comparison.

Model Comparison at Work

In this section, we  present a model-recovery test to demonstrate the relative performance of two
comparison methods, AIC and MDL. These two were chosen because they differ from each other in how
model complexity is defined. AIC considers only the number of parameters, whereas MDL takes into
account the functional form dimension as well. The maximized likelihood (ML), solely a goodness of fit
measure, was included as a baseline from which the improvements in model recovery could be evaluated
as the two dimensions of complexity are introduced into the selection method. 

Three models, M2-M4 from Table I, were compared. A thousand data sets (with sampling noise
added) were generated from each model, and all three models were then fitted to each group of 1000 data
sets. The selection methods were compared on their ability to recover the model that generated the data. A
good method should be able to identify the true model (i.e., the one that generated the data) 100% of the
time. Any deviations from perfect recovery reveal a bias in the selection method. 

The simulation results are reported in Table II. The top 3x3 matrix shows model recovery
performance under ML. The result in the first column of the matrix, which is essentially the same as that
in the first row of the middle panel in Table I, shows that an over-complex model, M3, was chosen more
often than the true data-generating model, M2 (58% vs. 30%). This bias is not surprising given that model
M3 has one more parameter than model M2, and that a goodness of fit measure such as ML does not
consider this or any other dimension of complexity. The first column in the simulation using AIC shows
that when the difference in the number of parameters was taken into account, the bias was largely
corrected. Now, the true model M2 was chosen 76% of the time, much more often than the more complex
model, M3 (16%). 

To see the effects of functional form in model selection, turn your attention to the second and
third columns. The two models, M3 and M4, have the same number of parameters (3) but differ from each
other in functional form. For these two models, an asymmetric pattern of recovery performance was
observed for the models under ML. Model M4 was correctly recovered 90% of the time whereas model
M3 was recovered much less often (61%). In other words, M4 fitted its competitor’s data as well as its own
data, but the reverse was not true. Essentially the same pattern of model recovery was obtained under
AIC. That is, AIC also overestimated the generalizability of M4 relative to M3. Because the two models
have the same number of parameters, this bias must be due to a different dimension of complexity,
namely functional form. Calculation of the complexity of these models (using the two right-hand terms of
MDL in eq. 4) shows M4 to indeed be more complex than M3 (9.36 vs 8.57), with a complexity difference
of 0.79. This means that to be selected under MDL, M4 must provide a higher value of the log maximized
likelihood than M3 by at least 0.79 for it to be selected. Compared with AIC, MDL imposes a stiffer tariff
to counteract M4's added flexibility in fitting random error. When the effects of complexity due to
functional form were neutralized by using MDL, recovery generally improved, especially for the data
generated from M3 (bottom 3x3 matrix).

This example demonstrates the importance of accounting for all relevant dimensions of
complexity in model comparison. However, the reader is cautioned not to over-generalize the above
simulation results. They should not be regarded as indicative of how the selection methods will perform
across all settings. Model comparison is an inference problem. The quality of the inference depends
strongly on the characteristics of the data (e.g., sample size, experimental design, type of random error)
and the models themselves (e.g., model equation, parameters, nested vs non-nested). For this reason, it is
unreasonable to expect a selection method to perform perfectly all the time. Rather, like any statistical
test, a comparison method is developed using an unlimited amount of data (i.e., asymptotically), meaning
that the method may not work as well with a small sample of data, but should improve as sample size
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increases. 

TABLE II. Model Recovery Performance of Model Comparison Methods

Model  comparison
method 

  Model fitted: Data were generated from:

 M2  M3  M4

 ML  M2  30  0  2

  M3  58  61  8

  M4  12  39  90

 AIC  M2  76  0  7

 M3  16  61  5

 M4  8  39  88

 MDL  M2  90  0  15

 M3  7  92  6

   M4  3   8   79  

Note: The percentage of samples in which the particular model fitted the data best. The three models, M2, M3
and M4, are defined in Table I. A thousand samples were generated from each model using the same 10 points
of (x1, ..., x10) = (0.001, 1, 2, 4, 7, 10, 13, 16, 20, 30). For each probability, a series of n = 100 (sample size)
independent binary outcomes (0 or 1) were generated according to the binomial probability distribution. The
parameter values used to generated the simulated data were as follows: (a, b) = (2, 3) for M2; (a, b, c)  = (0.3,
0.5, 0.1) for M3 and (a, b, c) = (500, 0.3, 0.1) for M4. In parameter estimation and also in the calculation of
MDL, the following parameter ranges were used: 0 < a < 100, 0 < b < 10 for M2; 0 < a < 100, 0 < b < 10, 0 < c
< 1 for M3; 0 < a < 10,000, 0 < b < 10, 0 < c < 1 for M4.

Conclusion

Computational modeling is currently enjoying a heyday as more and more scientists harness the power of
statistics and mathematics to develop quantitative descriptions of the phenomenon under study. Progress
in this endeavor depends on there being equally sophisticated methods for comparing such models.  The
aim of this chapter was to introduce the reader to contemporary model selection methods. As stated early
on, the problem is ill-posed because in the absence of sufficient data, solutions to the problem are non-
unique. To date, the preferred strategy for solving  this problem has been to maximize generalizability. It
is achieved by evaluating the amount of information in the data relative to the information capacity (i.e.,
complexity) of the model.

When using any of these selection methods, we advise that the results be interpreted in relation to
the other criteria important in model selection. It is easy to forget that AIC and MDL are just fancy
statistical tools that were invented to aid the scientific process. They are not the arbiters of truth. Like any
such tool, they are blind to the quality of the data and the plausibility of the models under consideration.
They will be most useful when considered in the context of the other selection criteria outlined at the
beginning of this chapter (e.g., interpretability, falsifiability).
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